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ABSTRACT

Time-domain processing has a long history in seismic imaging and has always been
a powerful workhorse that is routinely utilized. It generally leads to an expeditious
construction of the subsurface velocity model in time, which can later be expressed
in the Cartesian depth coordinates via a subsequent time-to-depth conversion. The
conventional practice of such conversion is done using Dix inversion, which is exact
in the case of laterally homogeneous media. For other media with lateral heterogene-
ity, the time-to-depth conversion involves solving a more complex system of partial
differential equations (PDEs). In this study, we propose an efficient alternative for
time-to-depth conversion and interval velocity estimation based on the assumption
of weak lateral velocity variations. By considering only first-order perturbative effects
from lateral variations, the exact system of PDEs required to accomplish the exact con-
version reduces to a simpler system that can be solved efficiently in a layer-stripping
(downward-stepping) fashion. Numerical synthetic and field data examples show that
the proposed method can achieve reasonable accuracy and is significantly more efficient
than previously proposed method with a speedup by an order of magnitude.

INTRODUCTION

Time-domain imaging is an efficient technique routinely applied to seismic data processing.
It constitutes prestack time migration and may also include operations such as normal and
dip moveout analysis, and stacking (Yilmaz, 2001). It can also be alternatively formulated
based on the method of wave equation migration in time-domain coordinates (Fomel, 2013).
Because time-domain imaging operates in the time coordinates, it provides both efficiency
and convenience. The price paid for this simplicity, however, includes placing resultant
images in distorted coordinates and limited applicability in structurally complex areas.
Nevertheless, time-domain imaging is still a reliable and cost-effective tool for many other
areas including unconventional reservoirs on land (Fomel, 2014).

Conventional time-to-depth conversion involves an application of Dix inversion, which
is strictly valid only in laterally homogeneous models. The effects from lateral velocity vari-
ations can cause unstable inversion and produce inaccurate results (Lynn and Claerbout,
1982; Black and Brzostowski, 1994; Bevc et al., 1995; Blias, 2009; Sripanich et al., 2017).
Cameron et al. (2007) and Cameron et al. (2008) showed that converting seismic images
from the distorted time coordinates to the Cartesian depth coordinates in the presence of
lateral velocity variations amounts to solving an inverse problem specified by a system of
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partial differential equations (PDEs) that describes the kinematics and geometrical spread-
ing of image rays (Hubral, 1977). Solving this system involves finding an accurate interval
velocity and coordinates maps from the time domain to the depth domain. Figure 1 shows
a schematic of two general paths adopted in previous works. The first approach begins with
the estimation of interval velocity still expressed in the time domain from image ray tracing
followed by a time-to-depth conversion using a Dijkstra-like solver (Cameron et al., 2007,
2008, 2009). The second approach combines the two steps together and proceeds by propa-
gating an image wavefront (Cameron et al., 2007; Valente et al., 2017). An extension of the
problem along 2D profiles to 3D was discussed by Iversen and Tygel (2008). For the third
approach, Li and Fomel (2015) proposed to formulate this inversion in a non-linear iterative
optimization framework supplied with regularization for better handling of its ill-posedness.
This method allows for a global update of the estimated interval velocity at each iteration,
which is generally preferable to solutions from time-stepping along the image rays in other
known methods.

Dix velocity   vd (x0 , t0)

Interval velocity   v (x, z)

Image ray tracing

Level-set method
(wavefront propagation)

 v (x0 , t0)

Time-to-depth conversion

Non-linear optimization

Figure 1: A schematic illustrating the general approaches to time-to-depth conversion and
interval velocity estimation.

In this paper, we consider the case of mild lateral variations and propose to approximate
the original system of PDEs to limit our consideration to their first-order perturbative
effects. This linearization leads to a notable simplification and a higher efficiency, while
still correcting the conventional Dix inversion for lateral variations. The result from this
approach can be used as an initial velocity model for the subsequent optimization for a
faster convergence.

THEORY

The time-domain coordinates (x0, t0) used in time migration are related to the Cartesian
depth coordinates (x, z) through the knowledge of image rays (Figure 2), which have or-
thogonal slowness vector to the surface (Hubral, 1977). For each subsurface location (x, z),
an image ray travels through the medium and emerges at (x0, 0) with traveltime t0. The
forward maps x0(x, z) and t0(x, z) can be obtained with the knowledge of the interval veloc-
ity v(x, z). We can also define the inverse maps x(x0, t0) and z(x0, t0) for the time-to-depth
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conversion process. Similar description of coordinates relation also holds in 3D.

Depth coordinates

x

z

x0 

t0

Image ray

Time coordinates

xs xs 

ts 

ts 

Figure 2: The relationship between time-domain coordinates and the Cartesian depth coor-
dinates. An example image ray with slowness vector normal to the surface travels from the
source xs into the subsurface. Every point along this ray is mapped to the same distance
location xs in the time coordinates with different corresponding traveltime ts .

In time domain, one operates with the time-migration velocity vm(x0, t0) estimated from
migration velocity analysis (Yilmaz, 2001; Fomel, 2003a,b). In a laterally homogeneous
medium, vm corresponds theoretically to the RMS velocity:

wm(t0) =
1
t0

∫ t0

0
w
(
z(t)

)
dt , (1)

where we denote w = v2 throughout the text. The inverse process to recover interval
velocity v(z) can be done through the Dix inversion (Dix, 1955):

wd(t0) =
d

dt0

(
t0wm(t0)

)
, (2)

where the subscript d is used to denote the Dix-inverted parameter. A simple conversion
from wd(t0) to w(z) reduces then to a straightforward integration over time to obtain a
z(t0) map.

On the other hand, in the case of laterally heterogeneous media, Cameron et al. (2007)
proved that the Dix-inverted velocity can be related to the true interval velocity by the
geometrical spreading Q(x0, t0) of the image rays traced telescopically from the surface as
follows:

wd(x0, t0) =
w
(
x(x0, t0), z(x0, t0)

)
Q2(x0, t0)

, (3)

where the geometrical spreading Q satisfies,

∇x0 · ∇x0 =
1

Q2
. (4)
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Combining equations 3 and 4 gives

∇x0(x, z) · ∇x0(x, z) =
wd(x0(x, z), t0(x, z))

w(x, z)
(5)

To solve for the interval velocity, two additional equations are needed (Cameron et al., 2007;
Li and Fomel, 2015):

∇x0(x, z) · ∇t0(x, z) = 0 , (6)

∇t0(x, z) · ∇t0(x, z) =
1

w(x, z)
. (7)

Equation 6 indicates that x0 is constant along each image ray, and equation 7 denotes the
eikonal equation of image ray propagation. Equations 5-7 amount to a system of PDEs
that can be solved for the interval velocity v(x, z) as well as the maps x(x0, t0) and z(x0, t0)
needed for the time-to-depth conversion process.

Taking weak lateral variations into account

Instead of attempting to solve equations 5-7 directly, we assume that the lateral variations
are mild and the parameters can be approximated with respect to the laterally homogeneous
background up to the first-order linearization as follows:

w(x, z) ≈ wr(z) + ∆w(x, z) , (8)
x0(x, z) ≈ x + ∆x0(x, z) , (9)

t0(x, z) ≈
∫ z

0

1√
wr(z)

dz + ∆t0(x, z) . (10)

The first terms on the right-hand side of equations 8-10 correspond to the correct values of
the velocity squared wr, x0, and t0 for the reference laterally homogeneous background. Our
objective is to seek for ∆w, ∆x0, and ∆t0 that quantify the first-order effects from lateral
heterogenity and satisfy the system of PDEs in equations 5-7. Substituting equations 8-10
into equations 5-7 and restrict our consideration only up to the first-order perturbations,
we can derive

wd(x, z) = wr(z)
(

1 + 2
∂∆x0

∂x
(x, z)

)
+ ∆w(x, z) , (11)

∂∆t0
∂x

(x, z) = − 1√
wr(z)

(
∂∆x0

∂z
(x, z)

)
, (12)

∆w(x, z) = −2wr(z)
√

wr(z)
(

∂∆t0
∂z

(x, z)
)

, (13)

which is a considerably simpler system to solve than the original one. However, imple-
menting the proposed system requires the knowledge of wd(x, z), which is unavailable from
migration velocity analysis because the Dix velocity squared wd(x0, t0) is still expressed in
the time domain. In the same spirit as before, we propose to consider instead a linearized
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approximation given by,

wd(x0(x, z), t0(x, z)) = wd

(
x + ∆x0,

∫ z

0

1
√

wr
dz + ∆t0

)
,

≈ wd

(
x,

∫ z

0

1
√

wr
dz

)
+ ∆x0(x, z)

(
∂wd

∂x0
(x0(x, z), t0(x, z))

)
+

∆t0(x, z)
(

∂wd

∂t0
(x0(x, z), t0(x, z))

)
. (14)

Following the similar procedure and retaining only the first-order terms, we can approximate
∂wd
∂x0

(x0(x, z), t0(x, z)) and ∂wd
∂t0

(x0(x, z), t0(x, z)), which results in

wd(x, z) ≈ wdr(x, z) + ∆x0(x, z)
(

∂wd

∂x0
(x, z)

)
+ ∆t0(x, z)

(
∂wd

∂t0
(x, z)

)
, (15)

where the reference wdr(x, z) denotes the wd(x0, t0) converted to depth based on the laterally
homogeneous background assumption, and the two derivatives are evaluated first in the
original (x0, t0) coordinates followed by similar conversion. Substituting equation 15 into
equation 11 leads to the following first-order linear system:

∂u
∂z

= A
∂u
∂x
− 1

2wr
√

wr
(Bu + f) , (16)

where u = [∆t0, ∆x0]T ,

A =
[

0 1/
√

wr

−√wr 0

]
, (17)

B =
[∂wd

∂t0
∂wd
∂x0

0 0

]
, (18)

f =
[
wdr − wr

0

]
. (19)

Equation 16 can be solved by stepping in the depth z direction given the following initial
conditions at the surface z = 0:

∆t0(x, 0) = 0 and ∆x0(x, 0) = 0 . (20)

In our numerical experiments, we adopt the following procedure to solve system 16:

1. Provided the wd(x0, t0) from migration velocity analysis, we compute the ∂wd
∂x0

and
∂wd
∂t0

using smooth differentiation.

2. Convert the velocity and both derivatives to depth based on the assumption of laterally
homogeneous media to obtain wdr(x, z), ∂wd

∂x0
(x, z), and ∂wd

∂t0
(x, z).

3. Choose a reference laterally homogeneous background wr(z) from wdr(x, z).

4. Given the initial condition 20 on u and other known parameters from the previ-
ous steps, we compute ∂u

∂x for the topmost layer using a derivative filter followed by
smoothing which helps alleviate the effects from sharp contrasts and their correspond-
ing numerical artifacts that may get carried on to the next depth step.
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5. We make a step in depth based on

∂u
∂z
≈ uk+1 − uk

∆z
, (21)

where ∆z represents the depth increment of the model, the current layer is denoted
by k and the next layer is denoted by k + 1.

6. Repeat steps 4 and 5 for the next layer til the final layer.

7. Compute ∆w from the estimated u using equation 13.

EXAMPLES

Linear sloth model

We first test the proposed method using a synthetic model with known analytical time-to-
depth conversion solutions. In this model, the exact velocity squared is given by

w(x, z) =
1

1− qxx
, (22)

where qx = 0.052, which gives a maximum of 25% changes in lateral velocity along the
7 km lateral extent of the model. The analytical solutions to time-to-depth conversion
in this particular type of model were presented by Li and Fomel (2015). Figure 3 shows
the true interval velocity of the model (equation 22), and the analytical x0 and t0 overlaid
by the contours indicating image rays and propagating image wavefront. Other inputs for
the proposed conversion method are shown in Figure 4. We choose the reference wr(z)
background to be the central trace of the reference wdr(x, z), which is constant in this case.
The estimated results are shown in Figure 5 and their corresponding errors in comparison
with the analytical values are shown in Figure 6. The errors appear to be generally small
indicating a good accuracy for all estimated parameters but increase closer to the edges of
the model, which are further away from the chosen reference wr(z).

Linear gradient model

We further test the proposed method with another synthetic model that contains stronger
velocity variations in both vertical and horizontal directions. In this model, the exact
velocity is given by

v(z, x) = v0 + gzz + gxx , (23)

where v0 = 2 km/s, gz = 0.6 1/s, and gx = 0.15 1/s. These parameters give 33–50%
changes in horizontal velocity and a maximum of 60% change in vertical velocity. The
analytical solutions to time-to-depth conversion in this particular type of model were given
by (Li and Fomel, 2015):

x0(z, x) = x +

√
(v0 + gxx)2 + g2

xz2 − (v0 + gxx)
gx

, (24)

t0(z, x) =
1
g

arccosh

g2
(√

(v0 + gxx)2 + g2
xz2 + gzz

)
− vg2

z

vg2
x

 , (25)
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Figure 3: The true velocity squared (top) of the linear sloth model (equation 22). Analytical
x0 (middle) is overlaid by image rays. Analytical t0 (bottom) is overlaid by contours showing
propagating image wavefront.
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from rsf.proj import *
import math

s02 = 1.
qx  = 0.052/2

min2 = 0.5
max2 = 6.5

# Problem setup ###############################################################################
# velocity model
Flow('slow2',None,
     '''
     math n1=101 n2=361 d1=0.02 d2=0.02 output="%g-2*%g*x2"
     label1=Depth unit1=km label2=Position unit2=km 
     label=Slowness-squared unit="s\^2\_/km\^2"
     ''' % (s02,qx))
Flow('v2','slow2','math output="1/input" ')
Plot('v2',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="True w(x,z)" 
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 allpos=y minval=1 maxval=1.5 bias=1 clip=0.5
     screenratio=0.75 screenht=9 allpos=y barlabel="v\^2\_" barunit="km\^2\_/s\^2"
     ''' % (min2,max2))

# analytical sigma in (z,x)
Flow('depsigma','slow2',
     '''
     math output="sqrt(((%g-2*%g*x2)-sqrt((%g-2*%g*x2)^2-4*%g*%g*x1*x1))/(2*%g*%g))" |
     put label=Sigma unit=
     ''' % (s02,qx,s02,qx,qx,qx,qx,qx))

# analytical x0
Flow('ax0','depsigma',
     '''
     math output="x2+%g*input*input/2" |
     put label=Position unit=km
     ''' % qx)

Plot('ax0',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y allpos=y barreverse=y
     labelsz=15 titlesz=16 titlefat=8 labelfat=6
     title="Analytical x\_0\^" screenratio=0.75 screenht=9
     minval=0 maxval=7.5 clip=7.5
     ''' % (min2,max2))
Plot('cax0','ax0',
     '''
     window min2=%g max2=%g |
     contour nc=100 scalebar=y plotcol=7 plotfat=7
     wantaxis=n wanttitle=n screenratio=0.75 screenht=9
     ''' % (min2,max2))
Plot('x0','ax0 cax0','Overlay')

# analytical t0
Flow('at0','ax0 depsigma',
     '''
     math sigma=${SOURCES[1]}
     output="(%g-2*%g*input)*sigma+%g*%g*sigma*sigma*sigma/3" |
     put label=Time unit=s
     ''' % (s02,qx,qx,qx))

Plot('at0',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y allpos=y barreverse=y
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 minval=0 maxval=2 clip=2
     title="Analytical t\_0\^" screenratio=0.75 screenht=9
     ''' % (min2,max2))
Plot('cat0','at0',
     '''
     window min2=%g max2=%g |
     contour nc=40 scalebar=y plotcol=7 plotfat=7
     wantaxis=n wanttitle=n screenratio=0.75 screenht=9
     ''' % (min2,max2))
Plot('t0','at0 cat0','Overlay')

# analytical geometrical spreading
Flow('ageo','slow2',
     '''
     math output="2*((%g-2*%g*x2)^2-4*%g*%g*x1*x1)/(%g-2*%g*x2)/(%g-2*%g*x2+sqrt((%g-2*%g*x2)^2-4*%g*%g*x1*x1))"
     ''' % (s02,qx,qx,qx,s02,qx,s02,qx,s02,qx,qx,qx))

Plot('ageo',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y allpos=y 
     labelsz=15 titlesz=16 titlefat=8 labelfat=6
     barlabel="Q\^2\_" barunit= minval=0.65 maxval=1 bias=0.65 clip=0.35
     title="Geometrical Spreading" screenratio=0.65 screenht=9
     ''' % (min2,max2))

# analytical sigma in (t0,x0)
Flow('timsigma',None,
     '''
     math n1=626 n2=361 d1=0.004 d2=0.02
     output="((3*x1+sqrt(9*x1*x1+4*(%g-2*%g*x2)^3/(%g*%g)))/(2*%g*%g))^(1./3)-(%g-2*%g*x2)/%g*(2/(3*%g*x1+sqrt(9*%g*%g*x1*x1+4*(%g-2*%g*x2)^3)))^(1./3)"
     label1=Time unit1=s label2=Position unit2=km 
     label=Sigma unit= |
     cut n1=1
     ''' % (s02,qx,qx,qx,qx,qx,s02,qx,qx,qx,qx,qx,s02,qx))

# analytical Dix
Flow('dix','timsigma',
     '''
     math output="sqrt(%g-2*%g*x2)/(%g-2*%g*x2-%g*%g*input*input)" |
     put label=Velocity unit=km/s
     ''' % (s02,qx,s02,qx,qx,qx))

Plot('dix',
     '''
     window min2=%g max2=%g | math output="input^2"|
     grey color=j scalebar=y allpos=y bias=1
     labelsz=15 titlesz=16 titlefat=8 labelfat=6
     title="w\_d\^(x\_0\^,t\_0\^)" barlabel="v\^2\_" barunit="km\^2\_/s\^2"
     screenratio=0.65 screenht=9 minval=1 maxval=1.35 bias=1 clip=0.35
     ''' % (min2,max2))

# convert Dix to depth
Flow('dixdepth','dix',
     '''
     time2depth velocity=$SOURCE intime=y twoway=n nz=101 dz=0.02 |
     put label1=Depth unit1=km
     ''')

Result('model-slow','v2 x0 t0','OverUnderAniso')

## mask
#Flow('mask','ax0',
#     '''
#     math output=-1 | cut n2=25 | cut n2=35 f2=326 | dd type=int
#     ''')

## inversion
#Flow('t2d tt2d xt2d ft2d gt2d ct2d','init dix mask',
#     '''
#     tdconvert niter=3 verb=n cgiter=2000 eps=4 shape=y rect1=4 rect2=10 dix=${SOURCES[1]} mask=${SOURCES[2]}
#     t0=${TARGETS[1]} x0=${TARGETS[2]} f0=${TARGETS[3]} grad=${TARGETS[4]} cost=${TARGETS[5]}
#     ''')

## cost
#Plot('cost0','ct2d',
#     '''
#     window min2=%g max2=%g | window n3=1 f3=0 | 
#     grey color=j scalebar=y barreverse=y barlabel=Cost barunit=
#     title="Initial f" minval=-0.45 maxval=0.63 clip=0.63
#     labelsz=15 titlesz=16 titlefat=8 labelfat=6
#     screenratio=0.65 screenht=9
#     ''' % (min2,max2))
#Plot('cost3','ct2d',
#     '''
#     window min2=%g max2=%g | window n3=1 f3=3 | 
#     grey color=j scalebar=y barreverse=y barlabel=Cost barunit=
#     title="Final f" minval=-0.45 maxval=0.63 clip=0.63
#     labelsz=15 titlesz=16 titlefat=8 labelfat=6
#     screenratio=0.65 screenht=9
#     ''' % (min2,max2))

#Result('hs2cost','cost0 cost3','OverUnderAniso')

## error
#Plot('error0','vel init',
#     '''
#     add scale=-1,1 ${SOURCES[1]} | window min2=%g max2=%g |
#     grey color=j scalebar=y barreverse=y
#     title="Initial Model Error" minval=-0.004 maxval=0.176 clip=0.176
#     labelsz=15 titlesz=16 titlefat=8 labelfat=6
#     screenratio=0.65 screenht=9
#     ''' % (min2,max2))
#Plot('error3','vel t2d',
#     '''
#     add scale=-1,1 ${SOURCES[1]} | window min2=%g max2=%g |
#     grey color=j scalebar=y barreverse=y
#     title="Final Model Error" minval=-0.004 maxval=0.176 clip=0.176
#     labelsz=15 titlesz=16 titlefat=8 labelfat=6
#     screenratio=0.65 screenht=9
#     ''' % (min2,max2))

#Result('hs2error','error0 error3','OverUnderAniso')

############################################################################################################
# Weak assumption 
############################################################################################################

# Reference 1D model in (z,x) from the central trace of Dix velocity 
# velocity model
Flow('slowz','dixdepth','window n2=1 f2=180 | math output="1/input" | spray axis=2 n=361 o=0 d=0.02')
Flow('dslow','slowz slow2','math true=${SOURCES[1]} output="sqrt(input^2-true)"')

Plot('slowz',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y allpos=y title="Reference V(z)" pclip=100
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 barlabel="Slowness" barunit="s/km"
     minval=0.12 maxval=0.95 clip=0.95 screenratio=0.65 screenht=9
     ''' % (min2,max2))
#Plot('dslow',
#     '''
#     window min2=%g max2=%g |
#     grey color=j scalebar=y title=Model pclip=100
#     labelsz=15 titlesz=16 titlefat=8 labelfat=6
#     screenratio=0.65 screenht=9 barlabel="Slowness" barunit="s/km"
#     ''' % (min2,max2))
# analytical x0
Flow('ax0z','slowz',
     '''
     math output="x2" |
     put label=Position unit=km
     ''')
     
# analytical t0
Flow('at0z','slowz',
     '''
     math output="x1*input" |
     put label=Time unit=s
     ''')
#Plot('at0z',
#     '''
#     window min2=%g max2=%g |
#     grey color=j scalebar=y title=Model pclip=100
#     labelsz=15 titlesz=16 titlefat=8 labelfat=6
#     screenratio=0.65 screenht=9
#     ''' % (min2,max2))
# 
# Derivatives of Dix velocity squared
Flow('dv2dt0','dix','math output="input^2" | smoothder')
Flow('dv2dx0','dix','math output="input^2" | transp | smoothder | transp')
Flow('beta','dv2dt0 dix',
     '''
     time2depth velocity=${SOURCES[1]} intime=y twoway=n nz=101 dz=0.02 |
     put label1=Depth unit1=km
     ''')
Flow('alpha','dv2dx0 dix',
     '''
     time2depth velocity=${SOURCES[1]} intime=y twoway=n nz=101 dz=0.02 |
     put label1=Depth unit1=km
     ''')
Plot('alpha',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="dw\_d\^/dx\_0" pclip=100
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 minval=0 allpos=y
     screenratio=0.75 screenht=9 allpos=y barlabel="dw\_d\^/dx\_0\^" barunit="km/s\^2"
     ''' % (min2,max2))
Plot('beta',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="dw\_d\^/dt\_0" pclip=100
     labelsz=15 titlesz=16 titlefat=8 labelfat=6
     screenratio=0.75 screenht=9 allpos=y barlabel="dw\_d\^/dt\_0\^" barunit="km\^2\_/s\^3"
     ''' % (min2,max2))
     
# Reference velocity squared
Flow('refdix','dixdepth','math output="input^2" ')
Flow('refvz','slowz','math output="1/input^2" ')

Plot('refdix',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="Ref w\_dr\^(x,z)" 
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 allpos=y minval=1 maxval=1.5 bias=1 clip=0.5
     screenratio=0.75 screenht=9 allpos=y barlabel="v\^2" barunit="km\^2\_/s\^2"
     ''' % (min2,max2))
Plot('refvz',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="Ref w\_r\^(z)" 
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 allpos=y  minval=1 maxval=1.35 bias=1 clip=0.35
     screenratio=0.75 screenht=9 allpos=y barlabel="v\^2" barunit="km\^2\_/s\^2"
     ''' % (min2,max2))

Result('input-slow','refdix alpha beta','OverUnderAniso')

 # Remap models for FD stability
for i in ['refdix','refvz','alpha','beta']:
	Flow(i+'_remap',i,'window')

# Find differential ########################################################################################
Flow('depth dx0 dt0 dv','refdix_remap refvz_remap alpha_remap beta_remap',
	'''
	time2depthweak zsubsample=10 nsmooth=3
	velocity=$SOURCE refvelocity=${SOURCES[1]} dvdx0=${SOURCES[2]} dvdt0=${SOURCES[3]}
	outdx0=${TARGETS[1]} outdt0=${TARGETS[2]} outdv=${TARGETS[3]}
	''')

# t0
Flow('dt0true','at0 at0z','math est=${SOURCES[1]} output="input-est" ')
Plot('dt0true',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="Analytical \F10 D\F3 t\_0"  
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 minval=-0.15 maxval=0.15 clip=0.15 bias=0
     screenratio=0.75 screenht=9 barlabel="Time (s)" barunit=
     ''' % (min2,max2))
Plot('dt0',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="Estimated \F10 D\F3 t\_0"
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 minval=-0.15 maxval=0.15 clip=0.15 bias=0
     screenratio=0.75 screenht=9 barlabel="Time (s)" barunit=
     ''' % (min2,max2))
Result('dt0compare','dt0true dt0','OverUnderAniso')

Flow('dt0err','dt0true dt0','math est=${SOURCES[1]} output="input-est"')
Plot('dt0err',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="Error from estimated \F10 D\F3 t\_0"
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 minval=-0.15 maxval=0.15 clip=0.15 bias=0 
     screenratio=0.75 screenht=9 barlabel="Time (s)" barunit=
     ''' % (min2,max2))



# x0
Flow('dx0true','ax0 ax0z','math est=${SOURCES[1]} output="input-est" ')
Plot('dx0true ',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="Analytical \F10 D\F3 x\_0"
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 minval=0 maxval=0.1 clip=0.1 allpos=y
     screenratio=0.75 screenht=9 barlabel="Position (km)" barunit=
     ''' % (min2,max2))

Plot('dx0',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="Estimated \F10 D\F3 x\_0"
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 minval=0 maxval=0.1 clip=0.1 allpos=y
     screenratio=0.75 screenht=9 barlabel="Position (km)" barunit=
     ''' % (min2,max2))

Result('dx0compare','dx0true dx0','OverUnderAniso')

Flow('dx0err','dx0true dx0','math est=${SOURCES[1]} output="input-est"')
Plot('dx0err',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="Error from estimated \F10 D\F3 x\_0"
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 allpos=y minval=0 maxval=0.1 clip=0.1 
     screenratio=0.75 screenht=9 barlabel="Position (km)" barunit= 
     ''' % (min2,max2))



# v
Flow('dv2true','slow2 refvz','math est=${SOURCES[1]} output="1/input-est" ')
Plot('dv2true ',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="Analytical \F10 D\F3 w"
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 minval=-0.25 maxval=0.25 clip=0.25 bias=0
     screenratio=0.75 screenht=9 barlabel="v\^2" barunit="km\^2\_/s\^2"
     ''' % (min2,max2))

Plot('dv',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="Estimated \F10 D\F3 w "
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 minval=-0.25 maxval=0.25 clip=0.25 bias=0
     screenratio=0.75 screenht=9 barlabel="v\^2" barunit="km\^2\_/s\^2"
     ''' % (min2,max2))

Result('dv2compare','dv2true dv','OverUnderAniso')

Flow('dv2err','dv2true dv','math est=${SOURCES[1]} output="(input-est)"')
Plot('dv2err',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="Error from estimated \F10 D\F3 w"
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 minval=-0.25 maxval=0.25 clip=0.25 bias=0
     screenratio=0.75 screenht=9 barlabel="v\^2" barunit="km\^2\_/s\^2"
     ''' % (min2,max2))


Result('truecompare','dt0true dx0true dv2true','OverUnderAniso')
Result('estcompare-slow','dt0 dx0 dv','OverUnderAniso')
Result('errcompare-slow','dt0err dx0err dv2err','OverUnderAniso')

# Velocity difference
Flow('errvdix','slow2 dixdepth','math est=${SOURCES[1]} output="abs(1/sqrt(input)-est)" ')
Flow('errvest','slow2 refvz dv','math b=${SOURCES[1]} c=${SOURCES[2]} output="abs(1/sqrt(input)-sqrt(b+c))" ')
Plot('errvdix',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="Velocity error from conventional Dix inversion"
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 allpos=y minval=0 maxval=0.01 clip=0.01 bias=0 
     screenratio=0.75 screenht=9 barlabel="v" barunit="km/s"
     ''' % (min2,max2))
Plot('errvest',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="Velocity error from the proposed method"
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 allpos=y minval=0 maxval=0.01 clip=0.01 bias=0 
     screenratio=0.75 screenht=9 barlabel="v" barunit="km/s"
     ''' % (min2,max2))
     
Result('errvcompare','errvdix errvest','OverUnderAniso')
End()
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Figure 4: Inputs of the proposed time-to-depth conversion for the linear gradient model.
The last input wr(z) (not shown here) is taken to be the central trace of wdr(x, z) (top) in
this case.
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Figure 5: The estimated values of ∆x0, ∆t0, ∆w in the linear sloth model (equation 22).
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Figure 6: The errors of the estimated values of ∆x0, ∆t0, ∆w in comparison with the
true values in the linear sloth model (equation 22). The errors are small for all estimated
parameters indicating a good accuracy of the proposed method.
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where g =
√

g2
z + g2

x denotes the magnitude of the total gradient. It follows from equa-
tions 24 and 25 that |∇x0| = 1, |∇t0| = 1/v, and ∇x0 · ∇t0 = 1, which indicate that the
geometrical spreading of image rays in this model is equal to one and the Dix velocity is
equal to the interval velocity expressed in the time-domain coordinates x0 and t0 (equa-
tion 3). Nonetheless, the image rays still bend laterally because gx 6= 0 and will lead to
distorted time-domain coordinates. The migration velocity squared wm and its Dix-inverted
counterpart wd can also be derived analytically and are given by (Li and Fomel, 2015):

wm(t0, x0) =
(

(v0 + gxx0)2

t0 (g coth(gt0)− gz)

)2

, (26)

wd(t0, x0) =
(

(v0 + gxx0)g
g coth(gt0)− gz sinh(gt0)

)2

. (27)

Figure 7 shows the true interval velocity of the model (equation 23), and the analytical
x0 and t0 overlaid by the contours that show image rays and propagating image wavefront.
Figure 8 shows other inputs for the proposed conversion method. Again, we arbitrarily
choose the reference wr(z) background to be the central trace of the reference wdr(x, z).
Figure 9 shows the final estimated values of the three quantities— ∆x0, ∆t0, and ∆w.
Their corresponding errors are shown in Figure 10 suggesting a reasonable accuracy of the
proposed method when the true velocity is close to the reference wr(z) in the middle of the
model. Higher errors are observed as the velocity difference becomes larger closer to the
side and bottom edges.

Land field data example

To first test the proposed method with real data, we adopt a land dataset provided by the
National Petroleum Reserve Alaska (NPRA) (Taylor and Zihlman, 1995). We particularly
use the data from line 31–81 from the acquisition season of 1981. Despite the long maximum
recording time of 6 s of this dataset, it only contains small-offset information with the
maximum offset of 5.225 kft, which leads to a high uncertainty in semblance-based velocity
analysis.

We first pre-processed the dataset to correct for uneven recording topography, groundroll
attenuation, and surface-consistent amplitudes. We subsequently obtain migration velocity
using Fowler’s DMO (Fowler, 1984) to perform velocity analysis along with DMO simulta-
neously. The resultant picked migration velocity is shown in Figure 11 with the maximum
lateral velocity variation of approximately 16%. Figure 12 shows the inputs for the proposed
time-to-depth conversion method: Dix-inverted migration velocity squared wdr(x, z) and its
gradients evaluated in the time-domain coordinates followed by similar Dix conversion. The
output interval velocity squared and its difference from the original Dix-inverted velocity
squared are shown in Figure 13. This difference is required to honor lateral variation in the
migration velocity field.

Marine field data example

For the final example, we adopt a field data example from the Gulf of Mexico (Claerbout,
1996) used previously by Li and Fomel (2015) to additionally test the proposed method and
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Figure 7: The true velocity squared (top) of the linear gradient model (equation 23). Ana-
lytical x0 (middle) is overlaid by image rays. Analytical t0 (bottom) is overlaid by contours
showing propagating image wavefront.
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from rsf.proj import *

v0 = 2
gz = 0.6
gx = 0.15

min2=0.5
max2=6.5

# velocity model
Flow('vel',None,
     '''
     math n1=101 n2=351 d1=0.02 d2=0.02 output="%g+%g*x1+%g*x2"
     label1=Depth unit1=km label2=Position unit2=km label=Velocity unit=km/s
     ''' % (v0,gz,gx))

Plot('vel',
     '''
     window n2=301 f2=25 |
     grey color=j scalebar=y allpos=y barreverse=y
     title=Model minval=1.6 maxval=8.5 clip=8.5
     labelsz=10 titlesz=12 titlefat=6 labelfat=6
     screenratio=0.65 screenht=9
     ''')
Flow('v2','vel','math output="input^2" ')
Plot('v2',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="True w(x,z)" 
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 allpos=y 
     minval=4 maxval=18 bias=4 clip=14
     screenratio=0.75 screenht=9 allpos=y barlabel="v\^2\_" barunit="km\^2/s\^2"
     ''' % (min2,max2))
     
Plot('cvel','ax0',
     '''
     window n2=301 f2=25 |
     contour nc=1 c0=3 scalebar=y plotcol=7 plotfat=8
     wantaxis=n wanttitle=n screenratio=0.65 screenht=9
     ''')
Plot('velo','vel cvel','Overlay')

# analytical x0
Flow('ax0','vel',
     '''
     math output="x2+(sqrt((%g+%g*x2)*(%g+%g*x2)+%g*x1*%g*x1)-(%g+%g*x2))/%g" |
     put label=Position unit=km
     ''' % (v0,gx,v0,gx,gx,gx,v0,gx,gx))

Plot('ax0',
     '''
     window n2=301 f2=25 |
     grey color=j scalebar=y allpos=y 
     title="Analytical x\_0\^" screenratio=0.75 screenht=9
     labelsz=15 titlesz=16 titlefat=8 labelfat=6
     ''')
Plot('cax0','ax0',
     '''
     window n2=301 f2=25 |
     contour nc=80 scalebar=y plotcol=7 plotfat=7
     wantaxis=n wanttitle=n screenratio=0.75 screenht=9
     ''')
Plot('x0','ax0 cax0','Overlay')

# analytical t0
Flow('at0','vel',
     '''
     math output="acosh(((%g*%g+%g*%g)*(sqrt((%g+%g*x2)*(%g+%g*x2)+%g*x1*%g*x1)+%g*x1)
     -input*%g*%g)/(input*%g*%g))/sqrt(%g*%g+%g*%g)" | cut n1=1 |
     put label=Time unit=s
     ''' % (gx,gx,gz,gz,v0,gx,v0,gx,gx,gx,gz,gz,gz,gx,gx,gz,gz,gx,gx))

Plot('at0',
     '''
     window n2=301 f2=25 |
     grey color=j scalebar=y allpos=y min=0 max=0.85 clip=0.85
     title="Analytical t\_0\^" screenratio=0.75 screenht=9
     labelsz=15 titlesz=16 titlefat=8 labelfat=6
     ''')
Plot('cat0','at0',
     '''
     window n2=301 f2=25 |
     contour nc=45 scalebar=y plotcol=7 plotfat=7
     wantaxis=n wanttitle=n screenratio=0.75 screenht=9
     ''')
Plot('t0','at0 cat0','Overlay')

# analytical Dix
Flow('dix',None,
     '''
     math n1=251 n2=351 d1=0.004 d2=0.02 output="(%g+%g*x2)*sqrt(%g*%g+%g*%g)/
     (sqrt(%g*%g+%g*%g)*(cosh(sqrt(%g*%g+%g*%g)*x1))-%g*sinh(sqrt(%g*%g+%g*%g)*x1))"
     label1=Time unit1=s label2=Position unit2=km label=Velocity unit=km/s
     ''' % (v0,gx,gz,gz,gx,gx,gz,gz,gx,gx,gz,gz,gx,gx,gz,gz,gz,gx,gx))

Plot('dix',
     '''
     window n2=301 f2=25 | math output="input^2"|
     grey color=j scalebar=y allpos=y 
     title="v\^2\_\_d\^(x\_0\^,t\_0\^)" allpos=y minval=4 maxval=18 bias=4 clip=14
     labelsz=10 titlesz=12 titlefat=6 labelfat=6  barlabel="v\^2" barunit="km^2/s\^2"
     screenratio=0.65 screenht=9
     ''')

Plot('cdix','dix',
     '''
     window n2=301 f2=25 | 
     math output=1 | rays2 a0=180 nr=1 dt=0.01 nt=557 yshot=3 |
     graph transp=y yreverse=y scalebar=y plotcol=7 plotfat=8
     wantaxis=n wanttitle=n min1=0 max1=2 min2=0.5 max2=6.5
     screenratio=0.75 screenht=9
     ''')
Plot('odix','dix cdix','Overlay')

Result('analy','x0 t0','OverUnderAniso')
Result('vgrad','velo odix','OverUnderAniso')

# convert Dix to depth
Flow('dixdepth','dix',
     '''
     time2depth velocity=$SOURCE intime=y twoway=n nz=101 dz=0.02 |
     put label1=Depth unit1=km
     ''')

Plot('dixdepth',
     '''
     window n2=301 f2=25 |
     grey color=j scalebar=y allpos=y barreverse=y
     title="Dix Velocity Converted to Depth" minval=4 maxval=18 bias=4 clip=14
     labelsz=10 titlesz=12 titlefat=6 labelfat=6
     screenratio=0.65 screenht=9
     ''')

Result('model-grad','v2 x0 t0','OverUnderAniso')

## mask
#Flow('mask','ax0',
#     '''
#     math output=-1 | cut n2=25 | cut n2=25 f2=326 | dd type=int
#     ''')

## inversion
#Flow('t2d tt2d xt2d ft2d gt2d ct2d','init dix mask',
#     '''
#     tdconvert niter=3 verb=n cgiter=2000 eps=5 shape=y rect1=4 rect2=15 dix=${SOURCES[1]} mask=${SOURCES[2]}
#     t0=${TARGETS[1]} x0=${TARGETS[2]} f0=${TARGETS[3]} grad=${TARGETS[4]} cost=${TARGETS[5]}
#     ''')

## cost
#Plot('cost0','ct2d',
#     '''
#     window n2=301 f2=25 | window n3=1 f3=0 | 
#     grey color=j scalebar=y barreverse=y barlabel=Cost barunit=
#     title="Initial f" minval=-0.22 maxval=0.004 clip=0.22
#     labelsz=10 titlesz=12 titlefat=6 labelfat=6
#     screenratio=0.65 screenht=9
#     ''')
#Plot('cost3','ct2d',
#     '''
#     window n2=301 f2=25 | window n3=1 f3=3 | 
#     grey color=j scalebar=y barreverse=y barlabel=Cost barunit=
#     title="Final f" minval=-0.22 maxval=0.004 clip=0.22
#     labelsz=10 titlesz=12 titlefat=6 labelfat=6
#     screenratio=0.65 screenht=9
#     ''')

#Result('cost','cost0 cost3','OverUnderAniso')

## error
#Plot('error0','init vel',
#     '''
#     add scale=1,-1 ${SOURCES[1]} | window n2=301 f2=25 |
#     grey color=j scalebar=y barreverse=y
#     title="Initial Model Error" minval=-0.3 maxval=0.08 clip=0.3
#     labelsz=10 titlesz=12 titlefat=6 labelfat=6
#     screenratio=0.65 screenht=9
#     ''')
#Plot('error3','t2d vel',
#     '''
#     add scale=1,-1 ${SOURCES[1]} | window n2=301 f2=25 |
#     grey color=j scalebar=y barreverse=y
#     title="Final Model Error" minval=-0.3 maxval=0.08 clip=0.3
#     labelsz=10 titlesz=12 titlefat=6 labelfat=6
#     screenratio=0.65 screenht=9
#     ''')

#Result('error','error0 error3','OverUnderAniso')

############################################################################################################
# Weak assumption 
############################################################################################################

# Reference 1D model in (z,x) from the central trace of Dix velocity 
# velocity model
Flow('vz','dixdepth','window n2=1 f2=175| spray axis=2 n=351 o=0 d=0.02')
#Flow('dslow','slowz vel','math true=${SOURCES[1]} output="sqrt(input^2-1/true^2)"')

# analytical x0
Flow('ax0z','vel',
     '''
     math output="x2" |
     put label=Position unit=km
     ''')
     
# analytical t0 at the middle of the model
Flow('at0z','vel',
     '''
     math output="(1/%g)*log(x1*%g/(%g+%g*3.5) + 1)" |
     put label=Time unit=s
     ''' % (gz,gz,v0,gx) )

# Derivatives of Dix velocity squared
Flow('dv2dt0','dix','math output="input^2" | smoothder')
Flow('dv2dx0','dix','math output="input^2" | transp | smoothder | transp')
Flow('beta','dv2dt0 dix',
     '''
     time2depth velocity=${SOURCES[1]} intime=y twoway=n nz=101 dz=0.02 |
     put label1=Depth unit1=km
     ''')
Flow('alpha','dv2dx0 dix',
     '''
     time2depth velocity=${SOURCES[1]} intime=y twoway=n nz=101 dz=0.02 |
     put label1=Depth unit1=km
     ''')
Plot('alpha',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="dw\_d\^/dx\_0" pclip=100
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 minval=0.6 maxval=1.7 clip=1.1 bias=0.6
     screenratio=0.75 screenht=9 allpos=y barlabel="dw\_d\^/dx\_0\^" barunit="km/s\^2"
     ''' % (min2,max2))
Plot('beta',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="dw\_d\^/dt\_0" pclip=100
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 minval=4.8 maxval=20 clip=15.2 bias=4.8
     screenratio=0.75 screenht=9 allpos=y barlabel="dw\_d\^/dt\_0\^" barunit="km\^2/s\^3"
     ''' % (min2,max2))
     
# Reference velocity squared
Flow('refdix','dixdepth','math output="input^2" ')
Flow('refvz','vz','math output="input^2" ')

Plot('refdix',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="Ref w\_dr\^(x,z)" 
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 allpos=y 
     minval=4 maxval=18 bias=4 clip=14
     screenratio=0.75 screenht=9 allpos=y barlabel="v\^2\_" barunit="km\^2/s\^2"
     ''' % (min2,max2))
Plot('refvz',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="Ref w\_r\^(z)"
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 allpos=y 
     minval=4 maxval=18 bias=4 clip=14
     screenratio=0.75 screenht=9 allpos=y barlabel="v\^2" barunit="km\^2/s\^2"
     ''' % (min2,max2))

Result('input-grad','refdix alpha beta','OverUnderAniso')


 # Remap models for FD stability
for i in ['refdix','refvz','alpha','beta']:
	Flow(i+'_remap',i,'window')

# Find differential ########################################################################################
Flow('depth dx0 dt0 dv','refdix_remap refvz_remap alpha_remap beta_remap',
	'''
	time2depthweak zsubsample=10 nsmooth=30
	velocity=$SOURCE refvelocity=${SOURCES[1]} dvdx0=${SOURCES[2]} dvdt0=${SOURCES[3]}
	outdx0=${TARGETS[1]} outdt0=${TARGETS[2]} outdv=${TARGETS[3]}
	''')

# t0
Flow('dt0true','at0 at0z','math est=${SOURCES[1]} output="input-est" ')
Plot('dt0true',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="Analytical \F10 D\F3 t\_0"  
     labelsz=15 titlesz=16 titlefat=8 labelfat=6  minval=-0.1 maxval=0.1 clip=0.2
     screenratio=0.75 screenht=9 barlabel="Time (s)" barunit=
     ''' % (min2,max2))
Plot('dt0',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="Estimated \F10 D\F3 t\_0"
     labelsz=15 titlesz=16 titlefat=8 labelfat=6  minval=-0.1 maxval=0.1 clip=0.2
     screenratio=0.75 screenht=9 barlabel="Time (s)" barunit=
     ''' % (min2,max2))
Result('dt0compare','dt0true dt0','OverUnderAniso')

Flow('dt0err','dt0true dt0','math est=${SOURCES[1]} output="input-est"')
Plot('dt0err',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="Error from estimated \F10 D\F3 t\_0"
     labelsz=15 titlesz=16 titlefat=8 labelfat=6
      minval=-0.1 maxval=0.1 clip=0.2
     screenratio=0.75 screenht=9 barlabel="Time (s)" barunit=
     ''' % (min2,max2))



# x0
Flow('dx0true','ax0 ax0z','math est=${SOURCES[1]} output="input-est" ')
Plot('dx0true ',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="Analytical \F10 D\F3 x\_0"
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 minval=0 maxval=0.1 clip=0.1 allpos=y
     screenratio=0.75 screenht=9 barlabel="Position (km)" barunit=
     ''' % (min2,max2))

Plot('dx0',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="Estimated \F10 D\F3 x\_0"
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 minval=0 maxval=0.1 clip=0.1 allpos=y
     screenratio=0.75 screenht=9 barlabel="Position (km)" barunit=
     ''' % (min2,max2))

Result('dx0compare','dx0true dx0','OverUnderAniso')

Flow('dx0err','dx0true dx0','math est=${SOURCES[1]} output="input-est"')
Plot('dx0err',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="Error from estimated \F10 D\F3 x\_0"
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 allpos=y minval=0 maxval=0.1 clip=0.1 
     screenratio=0.75 screenht=9 barlabel="Position (km)" barunit= 
     ''' % (min2,max2))



# v
Flow('dv2true','vel refvz','math est=${SOURCES[1]} output="input^2-est" ')
Plot('dv2true ',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="Analytical \F10 D\F3 w"
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 
     minval=-3.5 maxval=3.5 clip=7 bias=-3.5 allpos=y
     screenratio=0.75 screenht=9 barlabel="v\^2" barunit="km\^2\_/s\^2"
     ''' % (min2,max2))

Plot('dv',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="Estimated \F10 D\F3 w "
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 
     minval=-3.5 maxval=3.5 clip=7 bias=-3.5 allpos=y
     screenratio=0.75 screenht=9 barlabel="v\^2" barunit="km\^2\_/s\^2"
     ''' % (min2,max2))

Result('dv2compare','dv2true dv','OverUnderAniso')

Flow('dv2err','dv2true dv','math est=${SOURCES[1]} output="(input-est)"')
Plot('dv2err',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="Error from estimated \F10 D\F3 w"
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 allpos=y 
     minval=-3.5 maxval=3.5 clip=7 bias=-3.5 allpos=y
     screenratio=0.75 screenht=9 barlabel="v\^2" barunit="km\^2\_/s\^2"
     ''' % (min2,max2))


Result('truecompare','dt0true dx0true dv2true','OverUnderAniso')
Result('estcompare-grad','dt0 dx0 dv','OverUnderAniso')
Result('errcompare-grad','dt0err dx0err dv2err','OverUnderAniso')

# Velocity difference
Flow('errvdix','vel dixdepth','math est=${SOURCES[1]} output="sqrt(abs(input^2-est^2))" ')
Flow('errvest','vel refvz dv','math b=${SOURCES[1]} c=${SOURCES[2]} output="sqrt(abs(input^2-(b+c)))" ')

Plot('errvdix',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="Velocity error from conventional Dix inversion"
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 allpos=y minval=0 maxval=1 clip=1 bias=0
     screenratio=0.75 screenht=9 barlabel="v" barunit="km/s"
     ''' % (min2,max2))
Plot('errvest',
     '''
     window min2=%g max2=%g |
     grey color=j scalebar=y title="Velocity error from the proposed method"
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 allpos=y minval=0 maxval=1 clip=1 
     screenratio=0.75 screenht=9 barlabel="v" barunit="km/s"
     ''' % (min2,max2))
     
Result('errvcompare','errvdix errvest','OverUnderAniso')

End()
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Figure 8: Inputs of the proposed time-to-depth conversion for the linear gradient model.
The last input wr(z) (not shown here) is taken to be the central trace of wdr(x, z) (top) in
this case.
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Figure 9: The estimated values of ∆x0, ∆t0, ∆w in the linear gradient model (equation 23).
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Figure 10: The errors of the estimated values of ∆x0, ∆t0, ∆w in comparison with the true
values in the linear gradient model (equation 23). The errors are small for all estimated
parameters except in the vicinity of the side and bottom edges of the model, which could
be attributed to the growing difference between the true value of w(x, z) in that region and
the reference wr(z) in the middle of the model.
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Figure 11: Picked migration velocity from Fowler’s DMO for the Alaskan dataset. One can
observe a lateral variation of velocity across the extent of the model.

compare its performance with previous methods. In this dataset, the maximum recording
time is 4 s with the maximum offset of 3.48 km. We estimate the initial wdr(x, z) auto-
matically using the method of velocity continuation (Fomel, 2003b) followed by 1D Dix
inversion to depth. We use the central trace of wdr(x, z) as the reference wr(z) model and
the remaining inputs to the proposed method are shown in Figure 14.

A comparison of the final estimated interval velocity from the proposed method and
the optimization-based method (Li and Fomel, 2015) is shown in Figure 15 with a good
general agreement despite using only about one-tenth of the computational time. Due to the
availability of larger-offset data, we compare the the final seismic image after the proposed
time-to-depth conversion process and that from prestack Kirchhoff depth migration (PSDM)
using the estimated interval w(x, z) = wr(z) + ∆w(x, z) in Figure 16. The results are
comparable verifying the effectiveness of the proposed method. We further investigate
the common-image gathers (CIGs) generated from PSDM based on the conventional Dix
velocity squared wdr(x, z) and the estimated w(x, z). We observe a noticeable improvement
in the flatness of the CIGs from the estimated w(x, z) especially in the deeper sections, where
the effects from lateral variations become more prominent (Figure 17). The results from this
example are comparable with those of Li and Fomel (2015) but achieved with approximately
one-tenth of the cost. They further attest the validity of the proposed method.

DISCUSSION

In this study, we restrict our consideration to mild heterogeneity and only focus on the
first-order perturbative effects from lateral velocity variations. The higher-order terms are
important for the consideration of stronger variations. Furthermore, we emphasize that the
proposed method utilize a laterally homogeneous background model wr(z) as the reference.
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from rsf.proj import *

# Download data files

rawsegy=['L23535','L23536','L23537']

for file in rawsegy  :
    Fetch(file+'.SGY','alaska')
#          server='http://certmapper.cr.usgs.gov',
#          top='nersl/NPRA/SEISMIC/1981/31_81',
#      	  dir='DMUX')
    
    # Convert from SEGY to RSF
    Flow([file, file+'.bin',  file+'.asc', 't'+file],
         file+'.SGY',
         '''
         segyread bfile=${TARGETS[1]} hfile=${TARGETS[2]} 
         tfile=${TARGETS[3]}
         ''')

# concatinate the input files

Flow('line',rawsegy,'cat axis=2 ${SOURCES[1:3]}')
Flow('tline',map(lambda x: 't'+x,rawsegy),
     'cat axis=2 ${SOURCES[1:3]}')

# Convert to shots, remove misfired shot
Flow('shotmask','tline',
     '''
     headermath output=fldr | mask min=157 max=157 |
     add add=-1 | add scale=-1
     ''')

Flow('shots','line shotmask',
     '''
     headerwindow mask=${SOURCES[1]} |
     put n2=101 n3=67   |
     window n2=96 f3=10 n3=56 |
     put 
     o3=44     d3=0.44 label3=Shot   unit3=kft
     o2=-5.225 d2=0.11 label2=Offset unit2=kft
     ''')

Flow('tshots','tline shotmask',
     '''
     headerwindow mask=${SOURCES[1]} |
     put n2=101 n3=67   |
     window n2=96 f3=10 n3=56 |
     put 
     o3=44     d3=0.44 label3=Shot   unit3=kft
     o2=-5.225 d2=0.11 label2=Offset unit2=kft
     ''')

Plot('shots','grey title=Shots gainpanel=all pclip=90',view=0)

def plotshots(title):
    return '''
    byte gainpanel=all pclip=90 |
    grey3 frame1=1000 frame2=55 frame3=30 title="%s"
    flat=n point1=0.7 point2=0.7
    ''' % title

def plotshotspow(title):
    return '''
    pow pow1=1.5 | byte gainpanel=all pclip=90 |
    grey3 frame1=1000 frame2=55 frame3=30 title="%s"
    flat=n point1=0.7 point2=0.7
    ''' % title

Result('shots',plotshots('Shots'))

#############################################################
# Apply elevation statics
Flow('spelev.asc',None,
     '''
     echo
88	80.5
89	80.7
90	80.5
91	81.2
92	81.6
93	82.4
94	84.2
95	83.7
96	84
97	84.1
98	87.8
99	92.6
100	99.8
106	100.6
113	103.6
118	95.5
124	98.4
130	96.5
136	111.1
142	109
149	120.5
155	115.1
156	112.8
157	115.3
158	113.4
159	113.5
160	113.3
161	106.7
163	108.2
164	108.2
165	108.2
166	108.1
167	80.1
     n1=2 in=$TARGET data_format=ascii_float n1=2 n2=33 
     ''')
Flow('spelev','spelev.asc','dd form=native')
Plot('spelev',
     '''
     dd type=complex |
     window |
     graph wanttitle=n wantaxis=n symbol=o plotcol=5
     min2=75 max2=125 min1=85 max1=172
     ''')

Flow('elev','spelev',
     'transp | linear o1=85 d1=1 n1=88 rect=2 niter=100')
Plot('elev',
     '''
     graph title=Elevation 
     label1=Shot label2=Elevation unit2=ft
     min2=75 max2=125 min1=85 max1=172
     ''')
Result('elev','elev spelev','Overlay')

# Shot elevation 
Flow('spoint','shots',
     '''
     window n1=1 | 
     math output="(x2-44)/0.44+111" | put n1=5376 n2=1
     ''') 
Flow('selev','elev spoint',
     'inttest1 coord=${SOURCES[1]} interp=lag nw=2')
Result('selev',
       '''
       window n1=56 j1=96 | 
       put o1=44 d1=0.44 label1=Shot unit1=kft | 
       graph title="Shot Elevation" label2=Elevation unit2=ft
       ''')

# Observer log says shot holes 82.5 ft before spn 123, 
# then changes to 67.5 ft.
Flow('sdepth','spoint',
     '''
     mask max=123 | dd type=float |
     math output="82.5*input+67.5*(1-input)" 
     ''')

# Receiver elevation
Flow('gpoint','shots spoint',
     '''
     window n1=1 | 
     math output="(x1+x2-44)/0.44+111" | put n1=5376 n2=1
     ''') 
Flow('gelev','elev gpoint',
     'inttest1 coord=${SOURCES[1]} interp=lag nw=2')

vnear = 10000 # replacement velocity (ft/s)

# Elevation statics
Flow('estat','selev sdepth gelev',
     '''
     add scale=1,-1,1 ${SOURCES[1:3]} | scale dscale=%g | 
     put n1=96 n2=56 o2=44 d2=0.44 
     label2=Shot unit2=kft label1=Offset unit1=kft
     ''' % (1.0/vnear))
Result('estat',
       '''
       grey color=j mean=y scalebar=y barlabel=Time barunit=s 
       title="Elevation Statics" 
       ''')

Flow('eshots','shots estat','datstretch datum=${SOURCES[1]}')

Result('eshots',plotshots('Shots After Elevation Statics'))

#############################################################
# Gain, mute, and groundroll attenuation

Flow('gshots gain','eshots',
     '''
     pow pow1=1 | put d3= |
     mutter half=n v0=10 tp=0 | put d3=0.44 |
     shapeagc rect1=250 gain=${TARGETS[1]}
     ''')

Result('gshots',plotshots('Shots After Gain and Mute'))

# Dip filter
# Select one shot

Flow('shot','gshots','window n3=1 f3=23')
Plot('shot','grey title="Selected Shot" clip=2')

# Fourier transform
Flow('fft','shot','fft1 | fft3')
Plot('fft',
       '''
       window max1=100 | math output="abs(input)" | real | 
       grey allpos=y title="Fourier Transform" 
       ''')
       

Plot('shotori','shot','grey')
Plot('shotfilt','fft','dipfilter v1=0.000001 v2=0.001 v3=10 v4=11  pass=n | fft3 inv=y | fft1 inv=y | grey')
Result('shotcp','shotori shotfilt','SideBySideAniso')

# Apply to all shots
Flow('ffts','gshots','fft1 | fft3')
Flow('fshots','ffts',
     '''
     dipfilter v1=0.000001 v2=0.001 v3=10 v4=11  pass=n | fft3 inv=y | fft1 inv=y
     ''', split=[3,'omp'])

Result('fshots',
       plotshots('Shots After Ground-Roll Atenuation'))

# Reverse gain
Flow('rshots','fshots gain',
     '''
     div ${SOURCES[1]} | pow pow1=-1 | put d3= |
     mutter half=n v0=10 tp=0 | put d3=0.44 
     ''')

Result('rshots',plotshots('Shots After Reversed Gain'))

#############################################################
# Surface-consistent amplitude correction

# Average trace amplitude
Flow('arms','rshots',
     'mul $SOURCE | stack axis=1 | math output="log(input)" ')

# Remove long-period offset term
Flow('arms2','arms','smooth rect1=5 | add scale=-1,1 $SOURCE')
Result('arms2','grey title=Log-Amplitude clip=1.13')

# Integer indices for different terms
Flow('ishot','arms2','math output="(x2-44)/0.44" ')
Flow('ioffset','arms2','math output="(x1+5.225)/0.11" ')
Flow('ireceiver','arms2','math output="(x1+x2-44+5.225)/0.11" ')
Flow('icmp','arms2','math output="(x1/2+x2-44+5.225/2)*2/0.11" ')

nx = 96 # number of offsets
ns = 56 # number of shots
nt = nx*ns # number of traces

Flow('index','ishot ioffset ireceiver icmp',
     '''
     cat axis=3 ${SOURCES[1:4]} | dd type=int | 
     put n1=%d n2=4 n3=1
     ''' % nt)

Flow('arms1','arms2','put n2=1 n1=%d' % nt)

# Surface-consistent decomposition
Flow('i1 i2 i3 i4 scarms','arms1 index',
     '''
     sc index=${SOURCES[1]} out2=${TARGETS[1]} out3=${TARGETS[2]} out4=${TARGETS[3]} pred=${TARGETS[4]} 
     niter=50
     ''')
     
# Apply to all traces

Flow('ampl','scarms',
     '''
     math output="exp(-input/2)" | 
     spray axis=1 n=3000 d=0.002 o=0 |
     put 
     n3=56 o3=44     d3=0.44 label3=Shot   unit3=kft
     n2=96 o2=-5.225 d2=0.11 label2=Offset unit2=kft
     ''')
Flow('ashots','rshots ampl','mul ${SOURCES[1]}')
Flow('maskbadshot','ashots',
     'mul $SOURCE | window n1=1500 f1=1499 | stack axis=1 | mask min=1e-20 max=3e11 | spray axis=1 n=3000 d=0.002 o=0 | dd type=float')
Flow('ashotscut','ashots maskbadshot',''' mul ${SOURCES[1]} ''')

Result('ashots',plotshotspow('Shots After Surface-Consistent'))
Result('ashotscut',plotshotspow('Shots After Surface-Consistent with mask'))

#############################################################
# Velocity analysis

Flow('cmps mask','ashots',
     'shot2cmp half=n mask=${TARGETS[1]} | pow pow1=2')
     
# Window bad traces
Flow('maskbad','cmps',
     'mul $SOURCE | stack axis=1 | mask min=1e-20 max=1e14')

Flow('mask1','mask maskbad',' mul ${SOURCES[1]} | spray axis=1 n=1')

Flow('vscans','cmps mask1',
     '''
     vscan semblance=y half=n nv=151 v0=7 dv=0.1 
     mask=${SOURCES[1]}
     ''',split=[3,'omp'])
Flow('vpicks','vscans','pick rect1=100 rect2=20')

Result('vpicks',
       '''
       grey color=j scalebar=y barreverse=y mean=y 
       title="Picked NMO Velocity" 
       ''')


Flow('vscansmute','vscans','mutter inner=y t0=1.5 x0=7 v0=6')
Flow('vpicksmute','vscansmute','pick rect1=100 rect2=20')
Result('vpicksmute',
       '''
       grey color=j scalebar=y barreverse=y mean=y 
       title="Picked NMO Velocity with muting" 
       ''')


Flow('maskall','mask maskbad',' mul ${SOURCES[1]} | spray axis=1 n=3000 d=0.002 o=0 | dd type=float')
Flow('cmpscut','cmps maskall',''' mul ${SOURCES[1]} ''')

Plot('cmpscut',
       '''
       byte gainpanel=all pclip=95 | transp plane=23 memsize=5000 |
       grey3 frame1=500 frame2=100 point1=0.8 point2=0.8
       title="CMPs" movie=3
       label3=Velocity unit3=kft/s
       ''',view=1)

Flow('nmos','cmpscut vpicks','nmo velocity=${SOURCES[1]} half=n')
Plot('nmos','''pow pow1=1.5 | transp plane=23 | byte gainpanel=all pclip=90 | 
	grey3 title="Shots After NMO" frame1=1000 frame2=1 frame3=6 movie=2
    flat=y point1=0.7 point2=0.7 ''',view=1)

Flow('nmosmute','cmpscut vpicksmute','nmo velocity=${SOURCES[1]} half=n')
Plot('nmosmute','''pow pow1=1.5 | transp plane=23 | byte gainpanel=all pclip=90 | 
	grey3 title="Shots After NMO" frame1=1000 frame2=1 frame3=6 movie=2
    flat=y point1=0.7 point2=0.7 ''',view=1)


Flow('stack0','nmos','stack')
Plot('stack0','grey title="First Stack" labelsz=8 titlesz=10 titlefat=2 labelfat=2 screenratio=0.8 screenht=9')
Flow('stack1','stack0','despike2 wide2=10 ')
Plot('stack1','grey title="Median-Filtered Stack" labelsz=8 titlesz=10 titlefat=2 labelfat=2 screenratio=0.8 screenht=9')

Flow('stack0mute','nmosmute','stack')
Plot('stack0mute','grey title="First Stack Muted" labelsz=8 titlesz=10 titlefat=2 labelfat=2 screenratio=0.8 screenht=9')
Flow('stack1mute','stack0mute','despike2 wide2=10 ')
Plot('stack1mute','grey title="Median-Filtered Stack Muted" labelsz=8 titlesz=10 titlefat=2 labelfat=2 screenratio=0.8 screenht=9')

#############################################################
# DMO

# NMO stack with an ensemble of constant velocities
Flow('stacks','cmpscut',
     '''
     stacks half=n v0=7 nv=151 dv=0.1
     ''',split=[3,'omp'])

# Taper midpoint
Flow('stackst','stacks','costaper nw3=100')

Result('stacks','stackst',
       '''
       byte gainpanel=all pclip=95| transp plane=23 memsize=5000 |
       grey3 frame1=1000 frame2=200 frame3=50 point1=0.8 point2=0.8
       title="Constant-Velocity Stacks" label3=Velocity unit3=kft/s 
       ''')

Flow('cosft','stackst','pad n3=2401 | cosft sign1=1 sign3=1')

# Transpose f-v-k to v-f-k (Fowler operates on velocity) #
Flow('transp','cosft','transp',split=[3,'omp']) 

# Fowler DMO: mapping velocities
Flow('map','transp',
     '''
     math output="x1/sqrt(1+0.25*x3*x3*x1*x1/(x2*x2))" | 
     cut n2=1
     ''')
     
Flow('fowler','transp map','iwarp warp=${SOURCES[1]} | transp',
     split=[3,'omp'])

Flow('dmo','fowler','cosft sign1=-1 sign3=-1 | window n3=543')

Result('dmo',
       '''
       byte gainpanel=all pclip=95 | transp plane=23 memsize=5000 |
       grey3 frame1=500 frame2=100 frame3=30 point1=0.8 point2=0.8
       title="Constant-Velocity DMO Stacks" 
       label3=Velocity unit3=kft/s
       ''')

# Compute envelope for picking
Flow('envelope','dmo','despike2 wide2=10 | envelope | scale axis=2',split=[3,'omp'])

# Pick velocity
Flow('vpickdmo','envelope','pick rect1=300 rect2=75 vel0=8')

Result('vpickdmo',
       '''
       math output="input^2" | window f2=20 n2=500 | grey color=j scalebar=y mean=y 
       title="Migration velocity from Fowler's DMO" barlabel="v\^2\_" barunit="kft/s"
       labelsz=10 titlesz=12 titlefat=6 labelfat=6 screenratio=0.5
       ''')
       
Flow('slice','dmo vpickdmo','slice pick=${SOURCES[1]} | agc rect1=200 rect2=30 | despike2 wide2=10 ')
Plot('slice','grey title="Alaska DMO Stack" labelsz=10 titlesz=12 titlefat=6 labelfat=6 ')
Result('slice','Overlay')


#############################################################
# t2dconversion

# convert vnmo to dix
Flow('dix','vpickdmo',
     '''
     dix rect1=200 rect2=40 | put d3=1 o3=0
     ''')

# convert Dix to depth
Flow('dixdepth','dix',
     '''
     time2depth velocity=$SOURCE intime=y twoway=y nz=869 dz=0.04
     put label1=Depth unit1=kft 
     ''')

# Reference 1D model in (z,x) from the central trace of Dix velocity 
# velocity model
Flow('vz','dixdepth','window n2=1 f2=271 | spray axis=2 n=543 o=41.3875 d=0.055')


# Derivatives of Dix velocity squared
Flow('dv2dt0','dix','math output="input^2" | smoothder')
Flow('dv2dx0','dix','math output="input^2" | transp | smoothder | transp')
Flow('beta','dv2dt0 dix',
     '''
     time2depth velocity=${SOURCES[1]} intime=y twoway=y nz=869 dz=0.04 | 
     put label1=Depth unit1=kft
     ''')
Flow('alpha','dv2dx0 dix',
     '''
     time2depth velocity=${SOURCES[1]} intime=y twoway=y nz=869 dz=0.04 | 
     put label1=Depth unit1=kft
     ''')
Plot('alpha',
     '''
     window max1=20 f2=20 n2=500 | grey color=j scalebar=y title="dw\_d\^/dx\_0" pclip=100
     labelsz=15 titlesz=16 titlefat=10 labelfat=6
     screenratio=0.75 screenht=9  barlabel="dw\_d\^/dx\_0\^" barunit="kft/s\^2"
     ''')
Plot('beta',
     '''
     window max1=20 f2=20 n2=500 | grey color=j scalebar=y title="dw\_d\^/dt\_0" pclip=100
     labelsz=15 titlesz=16 titlefat=10 labelfat=6 allpos=y
     screenratio=0.75 screenht=9  barlabel="dw\_d\^/dt\_0\^" barunit="kft\^2\_/s\^3"
     ''')

     
# Reference velocity squared
Flow('refdix','dixdepth','math output="input^2" | put label1=Depth unit1=kft')
Flow('refvz','vz','math output="input^2" ')

Plot('refdix',
     '''
     window max1=20 f2=20 n2=500 | grey color=j scalebar=y title="Ref w\_dr\^(x,z)" 
     labelsz=15 titlesz=16 titlefat=10 labelfat=6 allpos=y bias=64 clip=216 minval=64 maxval=280
     screenratio=0.75 screenht=9 barlabel="v\^2" barunit="kft\^2\_/s\^2"
     ''')
Plot('refvz',
     '''
     grey color=j scalebar=y title="Ref w\_r\^(z)" 
     labelsz=15 titlesz=16 titlefat=10 labelfat=6 allpos=y bias=55
     screenratio=0.75 screenht=9 barlabel="v\^2" barunit="kft\^2\_/s\^2"
     ''')

Result('input-alaska','refdix alpha beta','OverUnderAniso')


 # Remap models for FD stability
for i in ['refdix','refvz','alpha','beta']:
	Flow(i+'_remap',i,'window')

# Find differential ########################################################################################
Flow('depth dx0 dt0 dv','refdix_remap refvz_remap alpha_remap beta_remap',
	'''
	time2depthweak zsubsample=30 nsmooth=200 smoothlen=50
	velocity=$SOURCE refvelocity=${SOURCES[1]} dvdx0=${SOURCES[2]} dvdt0=${SOURCES[3]}
	outdx0=${TARGETS[1]} outdt0=${TARGETS[2]} outdv=${TARGETS[3]}
	''')

# Compare result ###########
Flow('finalv','refvz dv','math est=${SOURCES[1]} output="sqrt(input+est)" | put d3=1 o3=0 ')

Plot('dixdepth',
     '''
     grey color=j scalebar=y title=" v\_dr\^(x,z)" 
     labelsz=15 titlesz=16 titlefat=10 labelfat=6  
     label1=Depth unit1=kft label2=Distance unit2=kft barunit=kft/s bias=8 clip=12 minval=8 maxval=20
     allpos=y screenratio=0.75 screenht=9  barlabel="v" barunit="kft/s"
     ''')
Plot('finalv',
     '''
     window max1=20 f2=20 n2=500 |
     grey color=j scalebar=y title=" Estimated interval v(x,z)" allpos=y
     label1=Depth unit1=kft label2=Distance unit2=kft barunit=kft/s bias=8.5 clip=8 minval=8 maxval=16.5
     labelsz=10 titlesz=12 titlefat=6 labelfat=6 barlabel="v" barunit="kft/s"
     ''')

Flow('diff','finalv dixdepth','math est=${SOURCES[1]} output="input-est" | put d3=1 o3=0 ')
Plot('diff',
     '''
     window max1=20 f2=20 n2=500 | grey color=j scalebar=y title=" Estimated interval velocity v(x,z) - v\_dr\^(x,z) " allpos=y
     label1=Depth unit1=kft label2=Distance unit2=kft barunit=kft/s bias=-0.05 clip=0.95 minval=-0.05 maxval=0.9
     labelsz=10 titlesz=12 titlefat=6 labelfat=6  barlabel="v" barunit="kft/s"
     ''')

Flow('reft0','refvz','math output="2*1/sqrt(input)*0.04" | causint') # two-way
Flow('finalt0','reft0 dt0','math dt=${SOURCES[1]} output="input+dt"')

Flow('refx0','refvz','math output="x2"')
Flow('finalx0','refx0 dx0','math dx=${SOURCES[1]} output="input+dx" ')

Flow('finalcoord','finalt0 finalx0',
     '''
     cat axis=3 ${SOURCES[1]} |
     transp plane=23 | transp plane=12 
     ''')

Flow('finalmapd','slice finalcoord','inttest2 interp=spline nw=8 coord=${SOURCES[1]} | window min2=45 max2=70')

Plot('finalmapd',
     '''
      agc rect1=200 | grey title="Time -> Depth (Proposed)"
     label1=Depth unit1=kft label2=Distance unit2=kft
     labelsz=10 titlesz=12 titlefat=6 labelfat=6
     ''')      #labelsz=8 titlesz=10 titlefat=2 labelfat=2 screenratio=0.5 screenht=7.3 labelsz=10 titlesz=12 titlefat=6 labelfat=6 screenratio=0.75 screenht=9.5

Result('finalvcompare-alaska','finalv diff','OverUnderAniso')
Result('finalcompare-alaska','finalmapd dmigfinalv','OverUnderAniso')


# Depth migration ###################################################################################
Flow('flatvz','refvz','math output="sqrt(input)"| window | put d3=1 o3=0')

#Flow('shotcut','cmpscut','cmp2shot positive=n | put o1=0 d2=0.067 o2=0.264')

Flow('ys',None,'math n1=56 o1=44 d1=0.44 output=x1')
Flow('zs','ys','math output=0')
Flow('sht','zs ys','cat axis=2 ${SOURCES[1]} ${SOURCES[0]} | transp')

Flow('yr',None,'math n1=316 o1=38.775 d1=0.11 output=x1')
Flow('zr','yr','math output=0')
Flow('rcv','zr yr','cat axis=2 ${SOURCES[1]} ${SOURCES[0]} | transp')

for modl in ('flatvz','dixdepth','finalv'): # v(z), dix v(x,z), proposed
	Flow('l'+modl,modl,'window n2=1 f2=0 | spray axis=2 n=49 d=0.055 o=38.7475')
	Flow('r'+modl,modl,'window n2=1 f2=542 | spray axis=2 n=42 d=0.055 o=71.1975')
	Flow('p'+modl,['l'+modl,modl,'r'+modl],
	    '''
	    cat axis=2 ${SOURCES[1]} ${SOURCES[2]} |
	    transp plane=12 | spline o1=38.7475 d1=0.011 n1=3170 | transp plane=12 | transp plane=34
	    ''')
	# eikonal
	Flow([modl+'times',modl+'tdls',modl+'tdss'],['p'+modl,'sht'],
	    '''
	    eikods shotfile=${SOURCES[1]} tdl1=${TARGETS[1]} tds1=${TARGETS[2]} b1=2 b2=2 |
	    put o4=44 d4=0.44 | window
	    ''')
	Flow([modl+'timer',modl+'tdlr',modl+'tdsr'],['p'+modl,'rcv'],
	    '''
	    eikods shotfile=${SOURCES[1]} tdl1=${TARGETS[1]} tds1=${TARGETS[2]} b1=2 b2=2 |
	    put o4=38.775 d4=0.11 | window
	    ''')

	# Kirchhoff with surface offset CIG
	Flow('dmig'+modl,['ashotscut',modl+'times',modl+'tdss',modl+'timer',modl+'tdsr'],
	    '''
	    kirmigsr aperture=5 antialias=1 cig=y
	    stable=${SOURCES[1]} sderiv=${SOURCES[2]}
	    rtable=${SOURCES[3]} rderiv=${SOURCES[4]}
	    ''')

	Plot('dmig'+modl,
	    '''
	    window j2=5 | stack axis=3 norm=n | window min2=45 max2=70| 
	    agc rect1=200 | grey title="Prestack Kirchhoff Depth Migration"
	    label1=Depth unit1=km label2=Distance unit2=km
	    labelsz=10 titlesz=12 titlefat=6 labelfat=6
	    ''')
#	# zoom
#	if modl=='dixdepth':
#	    title='with w\_dr\^(x,z)'
#	else:
#	    title='with w\_r\^(z) + \F10 D\F3 w'

#	Plot('dmig'+modl+'0','dmig'+modl,
#	    '''
#	    stack axis=3 norm=n | window min1=2 max1=3.9 min2=10 max2=13 |
#	    agc rect1=200 | grey title="PSDM %s"
#	    label1=Depth unit1=km label2=Distance unit2=km
#	    labelsz=7 titlesz=9 titlefat=4 labelfat=4 screenht=9 screenratio=0.55
#	    ''' % title)
	# CIGs
#	if modl=='dixdepth':
#	    title='w\_dr\^(x,z)'
#	else:
#	    title='w\_r\^(z) + \F10 D\F3 w'

#	Plot('cig1'+modl,'dmig'+modl, # all
#	    '''
#	    window n2=1 min2=48 | pow pow1=2 | 
#	    grey title="%s" pclip=90
#	    label1=Depth unit1=kft label2=Offset unit2=kft
#	    labelsz=18 titlesz=20 titlefat=12 labelfat=10
#	    screenht=35 screenratio=2.5
#	    ''' % (title+' at 45 kft'))
#	Plot('cig1'+modl,'dmig'+modl, # cut
#	    '''
#	    window n2=1 min2=8 | window min1=3 max1=3.9 |
#	    grey title="%s" pclip=90 screenht=35 screenratio=2.5
#	    label1=Depth unit1=km label2=Offset unit2=km
#	    labelsz=18 titlesz=20 titlefat=12 labelfat=10
#	    ''' % (title+' at 8km'))
#	Plot('cig2'+modl,'dmig'+modl,
#	    '''
#	    window n2=1 min2=62 | pow pow1=2 | 
#	    grey title="%s" pclip=90
#	    label1=Depth unit1=kft label2=Offset unit2=kft
#	    labelsz=18 titlesz=20 titlefat=12 labelfat=10
#	    screenht=35 screenratio=2.5
#	    ''' % (title+' at 63 kft'))
#	Plot('cig2'+modl,'dmig'+modl, screenht=35 screenratio=2.5
#	    '''
#	    window n2=1 min2=11.25| window min1=3 max1=3.9 |
#	    grey title="%s" pclip=90 screenht=35 screenratio=2.5
#	    label1=Depth unit1=km label2=Offset unit2=km
#	    labelsz=18 titlesz=20 titlefat=12 labelfat=10
#	    ''' % (title+' at 11.25km')) # screenht=35
 
 # overlay CIGs with reference lines
#Plot('cigref1dixdepth','dmigfinalv',
#    '''
#    window n2=1 min2=45 | math output=x1 |
#    contour nc=2 c=9,18.1 wanttitle=n wantaxis=n
#    plotcol=3 plotfat=20 dash=9 screenht=35 screenratio=2.5
#    ''')
#Plot('cig1init','cig1dixdepth cigref1dixdepth','Overlay')
#Plot('cigref1finalv','dmigfinalv',
#    '''
#    window n2=1 min2=45 | math output=x1 |
#    contour nc=2 c=9,18.3 wanttitle=n wantaxis=n
#    plotcol=3 plotfat=20 dash=9 screenht=35 screenratio=2.5
#    ''')
#Plot('cig1invert','cig1finalv cigref1finalv','Overlay')

#Plot('cigref2dixdepth','dmigfinalv',
#    '''
#    window n2=1 min2=63 | math output=x1 |
#     contour nc=2 c=9.7,16.8 wanttitle=n wantaxis=n
#    plotcol=3 plotfat=20 dash=9 screenht=35 screenratio=2.5
#    ''')
#Plot('cig2init','cig2dixdepth cigref2dixdepth','Overlay')
#Plot('cigref2finalv','dmigfinalv',
#    '''
#    window n2=1 min2=63 | math output=x1 |
#     contour nc=2 c=11.8,16.8 wanttitle=n wantaxis=n
#    plotcol=3 plotfat=20 dash=9 screenht=35 screenratio=2.5
#    ''')
#Plot('cig2invert','cig2finalv cigref2finalv','Overlay')

## Result('dmig','mapd dmiginv','OverUnderAniso')
## Result('ddmig0','dmiginit0 dmiginv0','OverUnderIso')
#Result('dmig','finalmapd dmigfinalv','OverUnderAniso')
#Result('cig','cig1init cig1invert cig2init cig2invert','SideBySideIso')
#Result('cig1','cig1init cig1invert','SideBySideAniso')
#Result('cig2','cig2init cig2invert','SideBySideAniso')

End()
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Figure 12: The inputs of the proposed conversion method for the Alaskan field data example:
Dix-inverted velocity squared wdr and its gradients.
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Figure 13: The estimated interval w(x, z) from the proposed method (top) and the difference
between the Dix-inverted migration velocity and the estimated velocity using the proposed
method (bottom) for the Alaskan field data example.
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Figure 14: The inputs of the proposed conversion method for the GOM field data example:
Dix velocity squared wdr and its gradients.
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from rsf.proj import *
from rsf.recipes.velcon import velcon

# fetch data
Fetch('beinew.HH','midpts')
Flow('bei','beinew.HH',
     '''
     dd form=native | transp plane=23 | transp plane=34 |
     put o1=0 label1=Time unit1=s label2=Midpoint unit2=km
     label3=Crossline unit3=km label4=Offset unit4=km
     ''')

# velocity continuation
velcon('bei',
       nv=125,      # continuation steps
       v0=1.5,      # initial velocity
       dv=0.01,     # velocity step
       nx=250,      # lateral dimension
       nh=48,       # number of offsets
       padt=1024,   # time padding
       padt2=2048,  # extra time padding
       padx=521,    # lateral padding
       dx=0.0335,   # lateral sampling
       n1=1000,     # time dimension
       x0=7.705,    # lateral origin
       srect1=15,
       srect2=5)

Plot('tmig','bei-agc',
     '''
     grey title="Time Migration"
     label1=Time unit1=s label2=Distance unit2=km
     labelsz=15 titlesz=16 titlefat=8 labelfat=6
     ''')

Plot('rms','bei-npk',
     '''
     grey title="Picked Migration Velocity"
     color=j scalebar=y barreverse=y mean=y
     label1=Time unit1=s label2=Distance unit2=km barunit=km/s
     labelsz=15 titlesz=16 titlefat=8 labelfat=6
     ''')

# from migration velocity to Dix velocity
Flow('bei-npk-mir','bei-npk','reverse which=2 opt=i')
Flow('bei-npk-ext','bei-npk-mir bei-npk','cat axis=2 ${SOURCES[1]} ${SOURCES[0]}')

Flow('vdix0 vmig0','bei-npk-ext',
     'dix rect1=15 rect2=5 vrmsout=${TARGETS[1]} niter=80')

# Consider only a portion of dix velocity
Flow('dix','vdix0',
     'window n2=250 f2=250 | put o2=7.705 d2=0.0335 d1=0.002 | put label1=Time unit1=s')

Plot('dix',
     '''
     put d1=0.004 | grey title="Dix Velocity"
     color=j scalebar=y barreverse=y
     label1=Time unit1=s label2=Distance unit2=km barunit=km/s
     minval=1.5 maxval=2.9 bias=2.1
     labelsz=15 titlesz=16 titlefat=8 labelfat=6
     ''')

Result('vdix','rms tmig','OverUnderAniso')

# convert vdix to depth
Flow('dixdepth','dix',
     '''
     time2depth velocity=$SOURCE nz=801 dz=0.005 intime=y twoway=n|
     put label1=Depth unit1=km | window max1=3.9 
     ''')

Plot('dixdepth',
     '''
     grey title="Dix-inverted Model"
     color=j scalebar=y barreverse=y
     label1=Depth unit1=km label2=Distance unit2=km barunit=km/s
     minval=1.5 maxval=2.9 bias=2.1
     labelsz=15 titlesz=16 titlefat=8 labelfat=6
     ''')
# time-to-depth conversion (Sripanich and Fomel, 2017)

# Derivatives of Dix velocity squared
Flow('dv2dt0','dix','math output="input^2" | smoothder')
Flow('dv2dx0','dix','math output="input^2" | transp | smoothder | transp')
Flow('beta','dv2dt0 dix',
     '''
     time2depth velocity=${SOURCES[1]} nz=801 dz=0.005 intime=y twoway=n|
     put label1=Depth unit1=km | window max1=3.9 
     ''')
Flow('alpha','dv2dx0 dix',
     '''
     time2depth velocity=${SOURCES[1]} nz=801 dz=0.005 intime=y twoway=n|
     put label1=Depth unit1=km | window max1=3.9 
     ''')
Plot('alpha',
     '''
     grey color=j scalebar=y title="dw\_d\^/dx\_0" pclip=100
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 allpos=y minval=-1.7 maxval=1.7 bias=-1.7 clip=3.4
     screenratio=0.75 screenht=9 allpos=y barlabel="dw\_d\^/dx\_0\^" barunit="km/s\^2"
     ''')
Plot('beta',
     '''
     grey color=j scalebar=y title="dw\_d\^/dt\_0" pclip=100
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 allpos=y minval=-5 maxval=12 bias=-5 clip=17
     screenratio=0.75 screenht=9 allpos=y barlabel="dw\_d\^/dt\_0\^" barunit="km\^2\_/s\^3"
     ''')
     
# Reference velocity squared
Flow('refdix','dixdepth','math output="input^2" ')
Flow('refvz','dixdepth','window n2=1 f2=125| math output="input^2" | spray axis=2 n=250 o=7.705 d=0.0335 ')

Plot('refdix',
     '''
     grey color=j scalebar=y title="Ref w\_dr\^(x,z)" 
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 allpos=y minval=2.25 maxval=7 bias=2.25 clip=4.75
     screenratio=0.75 screenht=9 allpos=y barlabel="v\^2\_" barunit="km^2\_/s\^2"
     ''')
Plot('refvz',
     '''
     grey color=j scalebar=y title="Ref w(z)" 
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 allpos=y minval=2.25 maxval=7 bias=2.25 clip=4.75
     screenratio=0.75 screenht=9 allpos=y barlabel="v\^2\_" barunit="km\^2\_/s\^2"
     ''')

Result('input-field','refdix alpha beta','OverUnderAniso')

# Find dv2 dt0 and dx0 from sftime2depthweak #####################################################
Flow('depth dx0 dt0 dv','refdix refvz alpha beta',
	'''
	time2depthweak zsubsample=50 nsmooth=16
	velocity=$SOURCE refvelocity=${SOURCES[1]} dvdx0=${SOURCES[2]} dvdt0=${SOURCES[3]}
	outdx0=${TARGETS[1]} outdt0=${TARGETS[2]} outdv=${TARGETS[3]}
	''')
Flow('finalv','refvz dv','math est=${SOURCES[1]} output="sqrt(input+est)" | put d3=1 o3=0 ')
Plot('finalv',
     '''
     grey color=j scalebar=y title=" Estimated interval v(x,z)" 
     labelsz=15 titlesz=16 titlefat=8 labelfat=6  
     label1=Depth unit1=km label2=Distance unit2=km barunit=km/s
     allpos=y minval=1.5 maxval=2.6 bias=1.5 clip=1.1 
     screenratio=0.75 screenht=9  barlabel="v" barunit="km/s"
     ''')

Flow('diff1','finalv dixdepth','math est=${SOURCES[1]} output="input-est" | put d3=1 o3=0 ')
Flow('diff','finalv dixdepth','math est=${SOURCES[1]} output="input^2-est^2" | put d3=1 o3=0 ')
Plot('diff1',
     '''
     grey color=j scalebar=y title=" Estimated interval v(x,z) - v\_dr\^(x,z) " 
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 
     label1=Depth unit1=km label2=Distance unit2=km barunit=km/s
     allpos=y minval=-0.17 maxval=0.17 clip=0.34 bias=-0.17
     screenratio=0.75 screenht=9  barlabel="v" barunit="km/s"
     ''')

Flow('reft0','refvz','math output="2*1/sqrt(input)*0.005" | causint') # two-way
Flow('finalt0','reft0 dt0','math dt=${SOURCES[1]} output="input+dt"')

Flow('refx0','refvz','math output="x2"')
Flow('finalx0','refx0 dx0','math dx=${SOURCES[1]} output="input+dx"')

Flow('dixcoord','reft0 refx0',
     '''
     cat axis=3 ${SOURCES[1]} |
     transp plane=23 | transp plane=12
     ''')

Flow('finalcoord','finalt0 finalx0',
     '''
     cat axis=3 ${SOURCES[1]} |
     transp plane=23 | transp plane=12
     ''')

Flow('dixmapd','bei-fmg dixcoord','inttest2 interp=spline nw=8 coord=${SOURCES[1]}')
Flow('finalmapd','bei-fmg finalcoord','inttest2 interp=spline nw=8 coord=${SOURCES[1]}')

Plot('dixmapd',
     '''
     agc rect1=200 | window  max1=3.9 | grey title="Time -> Depth (Dix)"
     label1=Depth unit1=km label2=Distance unit2=km
     labelsz=10 titlesz=12 titlefat=4 labelfat=4
     ''')      #labelsz=8 titlesz=10 titlefat=2 labelfat=2 screenratio=0.5 screenht=7.3 labelsz=10 titlesz=12 titlefat=6 labelfat=6 screenratio=0.75 screenht=9.5
Plot('finalmapd',
     '''
     agc rect1=200 | window  max1=3.9 | grey title="Time -> Depth (Proposed)"
     label1=Depth unit1=km label2=Distance unit2=km
     labelsz=10 titlesz=12 titlefat=4 labelfat=4
     ''')      #labelsz=8 titlesz=10 titlefat=2 labelfat=2 screenratio=0.5 screenht=7.3 labelsz=10 titlesz=12 titlefat=6 labelfat=6 screenratio=0.75 screenht=9.5

Result('finalvcompare','diff1 finalv inv','OverUnderAniso')
Result('dixcompare','dixmapd finalmapd','OverUnderAniso')
Result('finalcompare','finalmapd dmigfinalv','OverUnderAniso')
##########################################################################################
# time-to-depth conversion (Li and Fomel, 2015)
niter=5
cgiter=2500
rect1=25
rect2=10
eps=2

Flow('inv it ix if ig ic','dixdepth dix',
     '''
     tdconvert niter=%d cgiter=%d eps=%g shape=y rect1=%d rect2=%d dix=${SOURCES[1]} 
     t0=${TARGETS[1]} x0=${TARGETS[2]} f0=${TARGETS[3]} grad=${TARGETS[4]} cost=${TARGETS[5]}
     ''' % (niter,cgiter,eps,rect1,rect2))
# x0
Plot('rinit','ix', 
     '''
     window n3=1 | contour nc=200 plotcol=7 plotfat=7
     wantaxis=n wanttitle=n scalebar=y      
     ''')
Plot('pinit','dixdepth rinit','Overlay')

# v
Plot('inv',
     '''
     window max1=3.9 |
     grey title="Inverted v(x,z) (Li and Fomel, 2015)"
     color=j scalebar=y 
     label1=Depth unit1=km label2=Distance unit2=km 
     barlabel="v" barunit="km/s"
     allpos=y minval=1.5 maxval=2.6 bias=1.5 clip=1.1 
     labelsz=15 titlesz=16 titlefat=8 labelfat=6 
     screenratio=0.75 screenht=9
     ''')
Plot('rinv','ix',
     '''
     window max1=3.9 |
     window n3=1 f3=%d | contour nc=200 plotcol=7 plotfat=7
     wantaxis=n wanttitle=n scalebar=y 
     ''' % niter)
Plot('pinv','inv rinv','Overlay')

# cost
Plot('cinit','ic',
     '''
     window n3=1 max1=3.9 |
     grey title="Initial f" color=j scalebar=y barreverse=y
     label1=Depth unit1=km label2=Distance unit2=km barlabel=Cost barunit=
     minval=-0.75 maxval=6 clip=2
     labelsz=15 titlesz=16 titlefat=8 labelfat=6
     ''')

Plot('cinv','ic',
     '''
     window n3=1 f3=%d max1=3.9 | grey title="Final f" color=j scalebar=y barreverse=y
     label1=Depth unit1=km label2=Distance unit2=km barlabel=Cost barunit=
     minval=-0.75 maxval=6 clip=2
     labelsz=15 titlesz=16 titlefat=8 labelfat=6
     ''' % niter)

Plot('dinv','inv dixdepth',
     '''
     add scale=1,-1 ${SOURCES[1]} | window max1=3.9 |
     grey title=Update
     color=j scalebar=y barreverse=y mean=y pclip=99.5
     label1=Depth unit1=km label2=Distance unit2=km barunit=km/s
     labelsz=15 titlesz=16 titlefat=8 labelfat=6
     ''')

Result('init','dix pinit','OverUnderAniso')
Result('inv','cinit cinv','OverUnderAniso')
Result('dinv','pinv dinv','OverUnderAniso')

# map time to depth
Flow('t0','it','window n3=1 f3=%d | scale dscale=2' % niter)
Flow('x0','ix','window n3=1 f3=%d' % niter)

Flow('coord','t0 x0',
     '''
     cat axis=3 ${SOURCES[1]} |
     transp plane=23 | transp plane=12
     ''')

Flow('mapd','bei-fmg coord','inttest2 interp=spline nw=8 coord=${SOURCES[1]}')

Plot('mapd',
     '''
     agc rect1=200 | window  max1=3.9 | grey title="Time -> Depth (Li and Fomel, 2015)"
     label1=Depth unit1=km label2=Distance unit2=km
     labelsz=10 titlesz=12 titlefat=6 labelfat=6
     ''')

# Depth migration ###################################################################################
Flow('flatvz','refvz','math output="sqrt(input)"| put d3=1 o3=0')

Flow('shot','bei','window | transp plane=23 | cmp2shot | put o1=0 d2=0.067 o2=0.264')

Flow('ys',None,'math n1=297 o1=5.9985 d1=0.0335 output=x1')
Flow('zs','ys','math output=0')
Flow('sht','zs ys','cat axis=2 ${SOURCES[1]} ${SOURCES[0]} | transp')

Flow('yr',None,'math n1=196 o1=6.2625 d1=0.067 output=x1')
Flow('zr','yr','math output=0')
Flow('rcv','zr yr','cat axis=2 ${SOURCES[1]} ${SOURCES[0]} | transp')

for modl in ('flatvz','dixdepth','inv','finalv'): # v(z), dix v(x,z), siwei, proposed
	Flow('l'+modl,modl,'window n2=1 f2=0 | spray axis=2 n=51 d=0.0335 o=5.9965')
	Flow('r'+modl,modl,'window n2=1 f2=249 | spray axis=2 n=98 d=0.0335 o=16.08')
	Flow('p'+modl,['l'+modl,modl,'r'+modl],
	    '''
	    cat axis=2 ${SOURCES[1]} ${SOURCES[2]} |
	    transp plane=12 | spline o1=5.9965 d1=0.008375 n1=1593 | transp plane=12 |
	    transp plane=34
	    ''')
	# eikonal
	Flow([modl+'times',modl+'tdls',modl+'tdss'],['p'+modl,'sht'],
	    '''
	    eikods shotfile=${SOURCES[1]} tdl1=${TARGETS[1]} tds1=${TARGETS[2]} b1=2 b2=2 |
	    put o4=5.9985 d4=0.0335 | window
	    ''')
	Flow([modl+'timer',modl+'tdlr',modl+'tdsr'],['p'+modl,'rcv'],
	    '''
	    eikods shotfile=${SOURCES[1]} tdl1=${TARGETS[1]} tds1=${TARGETS[2]} b1=2 b2=2 |
	    put o4=6.2625 d4=0.067 | window
	    ''')

	# Kirchhoff with surface offset CIG
	Flow('dmig'+modl,['shot',modl+'times',modl+'tdss',modl+'timer',modl+'tdsr'],
	    '''
	    kirmigsr aperture=5 antialias=1 cig=y
	    stable=${SOURCES[1]} sderiv=${SOURCES[2]}
	    rtable=${SOURCES[3]} rderiv=${SOURCES[4]}
	    ''')

	Plot('dmig'+modl,
	    '''
	    window j2=4 | window n2=250 f2=51 | stack axis=3 norm=n | window max1=3.9 |
	    agc rect1=200 | grey title="Prestack Kirchhoff Depth Migration"
	    label1=Depth unit1=km label2=Distance unit2=km
	    labelsz=10 titlesz=12 titlefat=4 labelfat=4
	    ''')
	# zoom
	if modl=='dixdepth':
	    title='with w\_dr\^(x,z)'
	else:
	    title='with w\_r\^(z) + \F10 D\F3 w'

	Plot('dmig'+modl+'0','dmig'+modl,
	    '''
	    stack axis=3 norm=n | window min1=2 max1=3.9 min2=10 max2=13 |
	    agc rect1=200 | grey title="PSDM %s"
	    label1=Depth unit1=km label2=Distance unit2=km
	    labelsz=7 titlesz=9 titlefat=4 labelfat=4 screenht=9 screenratio=0.55
	    ''' % title)

	# CIGs
	if modl=='dixdepth':
	    title='Before'
	else:
	    title='After'

	Plot('cig1'+modl+'a','dmig'+modl, # all
	    '''
	    window n2=1 min2=8 | window max1=3.9 |
	    grey title="%s" pclip=90
	    label1=Depth unit1=km label2=Offset unit2=km
	    labelsz=20 titlesz=22 titlefat=15 labelfat=15
	    ''' % (title+' at 8km'))
	Plot('cig1'+modl,'dmig'+modl, # cut
	    '''
	    window n2=1 min2=8 | window min1=3 max1=3.9 |
	    grey title="%s" pclip=90 screenht=35 screenratio=2.5
	    label1=Depth unit1=km label2=Offset unit2=km
	    labelsz=20 titlesz=22 titlefat=15 labelfat=15
	    ''' % (title+' at 8km'))
	Plot('cig2'+modl+'a','dmig'+modl,
	    '''
	    window n2=1 min2=11.25| window max1=3.9 |
	    grey title="%s" pclip=90
	    label1=Depth unit1=km label2=Offset unit2=km
	    labelsz=20 titlesz=22 titlefat=15 labelfat=15
	    ''' % (title+' at 11.25km'))
	Plot('cig2'+modl,'dmig'+modl,
	    '''
	    window n2=1 min2=11.25| window min1=3 max1=3.9 |
	    grey title="%s" pclip=90 screenht=35 screenratio=2.5
	    label1=Depth unit1=km label2=Offset unit2=km
	    labelsz=20 titlesz=22 titlefat=15 labelfat=15
	    ''' % (title+' at 11.25km')) # screenht=35
 
 # overlay CIGs with reference lines
Plot('cigref1dixdepth','dmigfinalv',
    '''
    window n2=1 min2=11 | math output=x1 | window min1=3 max1=3.9 |
    contour nc=3 c=3.375,3.785 wanttitle=n wantaxis=n
    plotcol=3 plotfat=20 dash=9 screenht=35 screenratio=2.5
    ''')
Plot('cig1init','cig1dixdepth cigref1dixdepth','Overlay')
Plot('cigref1finalv','dmigfinalv',
    '''
    window n2=1 min2=11 | math output=x1 | window min1=3 max1=3.9 |
    contour nc=3 c=3.39,3.81 wanttitle=n wantaxis=n
    plotcol=3 plotfat=20 dash=9 screenht=35 screenratio=2.5
    ''')
Plot('cig1invert','cig1finalv cigref1finalv','Overlay')

Plot('cigref2dixdepth','dmigfinalv',
    '''
    window n2=1 min2=11 | math output=x1 | window min1=3 max1=3.9 |
    contour nc=3 c=,3.73,3.795 wanttitle=n wantaxis=n
    plotcol=3 plotfat=20 dash=9 screenht=35 screenratio=2.5
    ''')
Plot('cig2init','cig2dixdepth cigref2dixdepth','Overlay')
Plot('cigref2finalv','dmigfinalv',
    '''
    window n2=1 min2=11 | math output=x1 | window min1=3 max1=3.9 |
    contour nc=3 c=,3.705,3.775 wanttitle=n wantaxis=n
    plotcol=3 plotfat=20 dash=9 screenht=35 screenratio=2.5
    ''')
Plot('cig2invert','cig2finalv cigref2finalv','Overlay')

# Result('dmig','mapd dmiginv','OverUnderAniso')
# Result('ddmig0','dmiginit0 dmiginv0','OverUnderIso')
# Result('dmigcompare','dmigdixdepth dmigfinalv','OverUnderAniso')
Result('cig','cig1init cig1invert cig2init cig2invert','SideBySideIso')
Result('cig1','cig1init cig1invert','SideBySideAniso')
Result('cig2','cig2init cig2invert','SideBySideAniso')





End()
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Figure 15: The difference between the estimated velocity squared using the proposed method
and the Dix-inverted velocity squared (top). A comparison of the estimated interval w(x, z)
from the proposed method (middle) and from the optimization approach (bottom) for the
GOM field data example.
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Figure 16: A comparison of the final converted seismic images from the proposed time-to-
depth conversion method (left) and from the PSDM using the estimated interval velocity
for the GOM field data example.
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Figure 17: A comparison of CIGs generated from PSDM at 8 km and 11.25 km using the
conventional Dix-inverted velocity and the estimated interval velocity from the proposed
method. In deeper sections, where there is prominent lateral variations, we can observe an
improvement in flatness of the CIGs from the estimated w(x, z).
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The update from lateral heterogeneity comes entirely from the estimated first-order change
∆w(x, z). When the considered medium deviates significantly from such assumption, for
example, in the linear gradient model (equation 23), the proposed method will produce
erroneous results and regular Dix-inverted velocity may represent a more feasible option.

An important underlying assumption of the proposed method involves well-behaved
image rays with the absence of caustics, which in turn imposes the limits on the size and
the degree of velocity variation in the model. Dividing the original model into several depth
intervals to ensure an agreement with such assumption is a possible alternative (Li and
Fomel, 2015).

Another possible issue to the proposed method concerns the direction of traveling image
rays. Our algorithm assumes that the rays can only enter from the surface (in-flow bound-
ary) and exit the model at the side edges or at the bottom edge. However, it is possible
that parts of the model require in-flow image rays from the side edges (Figures 3 and 7).
We avoid this complication by limiting our consideration of the results to the windowed
part within the coverage of image rays.

Numerical implementation of the proposed algorithm involves taking derivatives in steps
4 and 7. To mitigate the effects of possible sharp contrasts, we propose applying a smoothing
filter. This is particularly important because the numerical artifacts will get accumulated
to the later depth as the algorithm proceeds. We employ iterations of triangle smoothing
when generating shown numerical examples.

The proposed method can be extended to 3D in a straightforward manner. The lateral
coordinates x0 and x become vectors x0 = (x0, y0) and x = (x, y) for consideration of
displacements in both in-line and cross-line directions. The geometrical spreading of an
image ray becomes a matrix Q. Following the similar procedure as described in this paper,
an efficient framework for 3D time-to-depth conversion and interval velocity estimation can
be developed.

Conventionally, time-migration process relies on a hyperbolic summation curve, which
is only approximately correct in general anisotropic media with lateral heterogeneity (Black
and Brzostowski, 1994; Alkhalifah, 1997; Yilmaz, 2001). As proposed by Cameron et al.
(2007) and employed in this study, additional consideration of the geometrical spreading of
image rays can help mitigate the possible errors from the hyperbolic assumption and in-
crease the range of applicability of time migration in laterally heterogeneous media. Recent
studies by Dell et al. (2013) on the general expression of diffraction traveltime in anisotropic
media and Sripanich et al. (2017) on the influence of lateral heterogeneity on the Taylor
coefficients of the traveltime expansion shed some light on how the complexities from lat-
eral heterogeneity and anisotropy can influence seismic traveltimes beyond the hyperbolic
assumption and represent a further step forward towards the goal of making time-domain
imaging more accurate and versatile.

Lastly, we point out that Alkhalifah et al. (2001) proposed a notable alternative approach
to handle the effects of lateral heterogeneity and anisotropy in time-domain processing by
recasting the problem in terms of vertical traveltime. This method allows for an application
of the Dix inversion in laterally factorized media, where the the ratio between the NMO
velocity and the vertical velocity of P waves remains relatively constant, at the expense of
increased computational cost.
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CONCLUSIONS

Using linearization, we reformulate the system of PDEs for the time-to-depth conversion
and interval velocity estimation process to a simpler system appropriate for handling weak
lateral variations. The new system can be solved in a downward continuation fashion with
a significantly improved computational efficiency. . Our numerical examples show that the
proposed method produces accurate results that honor the effects of lateral heterogeneity
with a speedup by an order of magnitude. Therefore, the results of the proposed method
can be used to correct the conventional Dix conversion and to produce a starting velocity
model for more accurate velocity-estimation methods.
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