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ABSTRACT

Reverse-time migration (RTM) relies on accurate wave extrapolation engines to im-
age complex subsurface structures. To construct such operators with high efficiency
and numerical stability, we propose an approach of one-step wave extrapolation us-
ing complex-valued lowrank decomposition to approximate the mixed-domain space-
wavenumber wave extrapolation symbol. The lowrank one-step method involves a
complex-valued phase function, which is more flexible than a real-valued phase func-
tion of two-step schemes, and thus is capable of modeling a wider variety of dispersion
relations. Two novel designs of the phase function lead to desired properties in wave ex-
trapolation. First, for wave propagation in inhomogeneous media, we include a velocity
gradient term to implement a more accurate phase behavior, particularly when velocity
variations are large. Second, we develop an absorbing boundary condition, which is
propagation-direction-dependent and can be incorporated into the phase function as an
anisotropic attenuation term. This term allows waves to travel parallel to the boundary
without absorption, thus reducing artificial reflections at wide-incident angles. Using
numerical experiments, we demonstrate the stability improvement of a one-step scheme
in comparison with two-step schemes. We observe the lowrank one-step operator to be
remarkably stable and capable of propagating waves using large time step sizes, even
beyond the Nyquist limit. The stability property can help minimize the computational
cost of seismic modeling or reverse-time migration. We also demonstrate that lowrank
one-step wave extrapolation handles anisotropic wave propagation accurately and effi-
ciently. When applied to RTM in anisotropic media, the proposed method generates
high quality images.

INTRODUCTION

The task of wave extrapolation is propagation of waves in depth or time, which finds ap-
plications in seismic modeling and migration. Conventionally, it is implemented by finite
differences (FD). FD methods have a low computational cost but suffer from dispersion arti-
facts and instabilities (Kosloff and Baysal, 1982). Instead, numerical differentiation of space
coordinates in wave equations can be implemented by employing the Fourier transform,
which are known as pseudo-spectral methods (Fornberg, 1998). Pseudo-spectral methods

1Parts of this paper were presented at 2013 SEG meeting
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have higher accuracy and can suppress numerical dispersion (Reshef et al., 1988; Virieux
et al., 2011). On the other hand, they are limited to small time steps and may be sub-
ject to dispersion because of finite-difference approximations used for the time derivatives.
Recently, alternative strategies have been proposed to propagate waves by mixed-domain
space-wavenumber operators (Soubaras and Zhang, 2008; Wards et al., 2008; Etgen and
Brandsberg-Dahl, 2009; Liu et al., 2009; Zhang and Zhang, 2009; Du et al., 2010; Pes-
tana and Stoffa, 2010; Chu and Stoffa, 2011; Fomel et al., 2013; Wu and Alkhalifah, 2014).
Fowler et al. (2010b) and Du et al. (2014) referred to these methods as recursive integral
time extrapolation (RITE) methods.

RITE methods are designed to make time extrapolation both stable and dispersion free
in heterogeneous media for large time steps, even beyond the Nyquist limit (Du et al.,
2014), and therefore are particularly suitable for reverse-time migration (RTM), a depth-
migration method in which waves are extrapolated in time (Baysal et al., 1983; McMechan,
1983; Whitmore, 1983; Farmer et al., 2006; Fletcher et al., 2009; Fowler et al., 2010a).
RTM performs imaging by solving the two-way wave equation in the most straightforward
manner compared with other methods, and therefore is capable of handling complicated
wave forms, such as prismatic waves, and generating images free of artifacts that are caused
by approximations of the physics of wave propagation in other methods (Etgen et al., 2009;
Leveille et al., 2011). The efficiency of RTM thus relies on the wave propagation engine.

Among the different RITE approaches, the lowrank wave extrapolation (Fomel et al.,
2010, 2013) distinguishes itself by its high efficiency and flexible control over approxima-
tion accuracy. Lowrank approximation has been implemented under different frameworks,
including lowrank finite differences and lowrank Fourier finite differences (Song et al., 2013;
Fang et al., 2014). A lowrank algorithm decomposes the original mixed-domain wave prop-
agation matrix into a small set of representative spatial locations and a small set of rep-
resentative wavenumbers. Similar to other spectral methods, the cost of computation per
time step with the lowrank method is O(N Nx logNx), where Nx is the total size of the
computational grid and N is a small number (the rank of the approximation) controlling
the trade-off between accuracy and efficiency.

Fomel et al. (2013) implemented lowrank wave extrapolation using a two-step time
marching scheme, which involves a real-valued wave propagation operator. The applica-
tion of a two-step scheme is constrained by its requirement of a real-valued phase function.
In this paper, we propose adopting a one-step scheme, which propagates a complex-valued
wavefield using a complex phase function. Following Zhang and Zhang (2009), we show that
separation of forward- and backward-propagating waves can be achieved by constructing
a complex wavefield, with its imaginary part being the Hilbert transform of the real part.
The complex wavefield corresponds to the analytical signal (Taner et al., 1979). In practice,
the proposed one-step scheme demonstrates significantly improved stability. Its ability to
extrapolate waves using large time steps should help reduce the cost of computationally
intensive tasks, such as RTM and time-domain full waveform inversion (FWI). A complex-
valued phase function is capable of incorporating modified forms of dispersion relations. In
particular, we show that, by including a velocity gradient term into the approximation of
phase function, the accuracy of wave extrapolation can be improved in media with large
velocity variations. Additionally, we propose a propagation-direction-dependent absorbing
boundary condition that can be incorporated into the complex-valued phase function. This
condition behaves like an anisotropic attenuation term, which attenuates waves preferen-
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cially in the direction perpendicular to the absorbing boundary, thus reducing artificial
reflections at wide incident angles. Such modifications of the phase function take advan-
tage of the complex-valued symbol in the one-step scheme. The proposed method is easily
extended to anisotropic wave propagation, such as tilted transversely isotropic (TTI) or
orthorhombic media, without producing unwanted residual shear-wave energy (Du et al.,
2014). We use numerical examples with synthetic models to test the accuracy, efficiency
and stability of the proposed lowrank one-step wave extrapolation method. Finally, we
apply lowrank one-step RTM to the BP 2007 TTI synthetic data set to test its ability of
producing high-quality seismic images.

THEORY

Let p(x, t) be the seismic wavefield at location x and time t. The acoustic constant-density
wave equation can be written as(

∂2

∂t2
− V 2(x)∇2

)
p(x, t) = 0 , (1)

where V (x) is velocity and ∇2 denotes the Laplacian operator.

Analytical solutions in constant velocity

When V is constant, after Fourier transform in space, the wave equation takes the form(
∂2

∂t2
+ V 2|k|2

)
P (k, t) = 0 , (2)

where k is the spatial wavenumber and P (k, t) is the spatial Fourier transform of p(x, t):

P (k, t) =
1

(2π)3

∫
p(x, t)e−ik·xdx . (3)

The analytical solution to equation 2 can be expressed as

P = A1e
i|k|V t +A2e

−i|k|V t = P1 + P2 , (4)

where P1 represents the forward-propagating wavefield, i.e., positive frequencies, and P2 rep-
resents the backward-propagating wavefield, i.e., negative frequencies. The time derivative
of P has the following form:

∂P

∂t
= i|k|V (P1 − P2) . (5)

Zhang and Zhang (2009) used the Hilbert transform to define an additional function:

Q(k, t) =
1
ψ

∂P (k, t)
∂t

, (6)

where Q(k, t) is the Hilbert transform of P (k, t), and ψ = V |k|. Combining equations 4, 5
and 6, P1 and P2 can be expressed as

P1 =
1
2

(P − iQ) , (7)

P2 =
1
2

(P + iQ) . (8)
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Equation 2 can be split into a pair of first-order equations and expressed in the following
matrix form:

∂

∂t

[
P
Pt

]
=
[

0 1
−ψ2 0

] [
P
Pt

]
. (9)

With the help of the Hilbert transform and equations 7 and 8, a more symmetric expression
can be achieved:

∂

∂t

[
P
iQ

]
=
[

0 −iψ
−iψ 0

] [
P
iQ

]
. (10)

We can further decompose the first matrix on the right-hand side as follows:[
0 −iψ
−iψ 0

]
=
[

1 1
−1 1

] [
iψ 0
0 −iψ

] [
1/2 −1/2
1/2 1/2

]
. (11)

Substituting equation 11 into equation 10, and using equations 7 and 8, we arrive at:

∂

∂t

[
P
iQ

]
=
[

1 1
−1 1

] [
iψ 0
0 −iψ

] [
P1

P2

]
. (12)

In RTM, only one branch of the total wavefield is needed at one time. The two parts of
wave propagation decouple according to

∂

∂t

[
P1

P2

]
=
[
iψ 0
0 −iψ

] [
P1

P2

]
. (13)

Modeling seismic wave propagation requires the source function. Letting the source
function be f(x, t), wave equation 2 can be rewritten in the following form:(

∂2

∂t2
+ ψ2

)
P (k, t) = f̂(k, t) . (14)

Correspondingly, equation 13 becomes:

∂

∂t

[
P1

P2

]
=

[
1/2 −1/2
1/2 1/2

]{[
0 −iψ
−iψ 0

] [
P
iQ

]
+

[
0
i
ψ f̂

]}
(15)

=
[
iψ 0
0 −iψ

] [
P1

P2

]
+

[
− i

2ψ f̂
i

2ψ f̂

]
.

The application of operator −i/2ψ can be implemented in either time domain or Fourier
domain; it can also be directly incorporated into the definition of source functions. For
example, operator 1/ψ can be regarded as (iω/|ω|) · (1/iω), which in the time domain
corresponds to cascading the Hilbert-transform with the first-order integration.

In constant velocity, the forward-propagating wavefield away from the source at the next
time step t+ ∆t can be expressed as:

p1(x, t+ ∆t) =
∫
P1(k, t) ei [k·x+V |k|∆t] dk . (16)
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Variable velocity and anisotropy

For inhomogeneous and anisotropic media, we can use the general form of equation 16 to
introduce a general phase function, which depends on both k and x, and rewrite equation 16
as the following mixed-domain operator (Wards et al., 2008; Fomel et al., 2013):

p1(x, t+ ∆t) =
∫
P1(k, t) ei φ(x,k,∆t) dk . (17)

Equation 17 is kinematically correct if the phase function φ(x,k, t) satisfies the anisotropic
eikonal equation:

∂φ

∂t
= ±V (x,k) |∇φ| , (18)

where V (x,k) is the phase velocity. When velocity is constant and isotropic, the phase
function reduces to

φ(x,k, t) = k · x± V |k| , (19)

and corresponds to equation 16. In the more general case, assuming small time steps, φ can
be expanded into the Taylor series in t (Fomel et al., 2013):

φ(x,k, t) ≈ k · x + φ1(x,k) t+ φ2(x,k)
t2

2
+ · · · , (20)

where

φ1(x,k) = V (x,k) |k| , (21)
φ2(x,k) = V (x,k)∇V · k . (22)

Equation 17 corresponds to the one-step method (Zhang and Zhang, 2009; Fowler et al.,
2010b). Fomel et al. (2013) adopted instead a two-step implementation, which uses only the
φ1 term in equation 20 to cancel out the imaginary part of the wave extrapolation operator
(Etgen and Brandsberg-Dahl, 2009):

p(x, t+ ∆t) + p(x, t−∆t) ≈ 2
∫
P (k, t) eik·x cos [V (x,k) |k|∆t] dk . (23)

It is important to realize that the cancellation of the imaginary part relies on the fact that
the phase function only contains odd-order terms of t, with the exception of the zeroth-order
term which corresponds to the inverse Fourier transform. Any modification to the phase
function that violates this requirement cannot be easily handled by the two-step method.

As detailed in the appendix, the unconditional numerical stability of the one-step scheme
(equation 17) can be proven theoretically in the continuous cace. In practice, we have ob-
served that the lowrank approximation preserves the stability property, as will be demon-
strated in the next section with numerical examples.

Higher-order terms from the phase function

In this paper, we adopt the one-step scheme due to its superior stability and ability to
handle complex-valued phase functions. Because the two-step scheme depends on a real-
valued phase function, it cannot include higher-order terms from the expansion (equation 20)
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and implement more accurate phase functions. By switching to a one-step scheme, we can
easily incorporate the second-order term (φ2) in equation 20 to achieve a more accurate
wave extrapolation operator. As defined in equation 22, φ2 involves the gradient of the
velocity model, and can become significant when either the time step size is large or the
velocity model changes rapidly. Substituting the first three terms from the Taylor series
(equation 20) into equation 17, the second-order operator takes the form

p1(x, t+ ∆t) ≈
∫
P1(k, t) ei [k·x+V (x,k) |k|∆t+V (x,k)∇V ·k∆t2/2] dk . (24)

This modification helps increase the accuracy of wave extrapolation, especially when ∆t or
∇V are large. Note that the introduction of the velocity gradient term does require the
velocity model to be smoothly varying, which conforms to the usual requirement of RTM.
The term ∇V · k also leads to a certain degree of anisotropy in the phase function, which
in practice may increase the numerical rank of lowrank approximation.

Direction-dependent absorbing boundary conditions

We propose another innovation using the one-step scheme by incorporating propagation-
direction-dependent absorbing boundary conditions into the extrapolation operator. In
absorbing boundary layers, we propose to modify the operator

W (x,k) = ei [φ(x,k,∆t)−k·x] (25)

into the following form:

W (x,k)abc = e
i [φ(x,k,∆t)−k·x]−[

α(x−xt)·k
|k| ]2

, (26)

where α is the decay parameter and xt is the location of the nearest absorbing boundary.

The added term e
−[

α(x−xt)·k
|k| ]2 causes exponential decay of the wavefield between the absorb-

ing boundary and the computational boundary (domain truncation), which also depends
on the wave traveling direction. When the wave travels normal to the boundary, it will
have the maximum absorbing effect because x − xt is in the direction of k; on the other
hand, there will be no damping when the wave is traveling parallel to the boundary, as
the angle between x − xt and k would be zero. Allowing waves to propagate within the
absorbing zone can mitigate artificial reflections from the absorbing boundary, especially
at grazing incident angles. The decay term should be applied on both the real wavefield
and its first-order time derivative (the imaginary part of the analytical wavefield). This is
analogous to the tapering technique described by Cerjan et al. (1985). The absorbing term
in the phase function can be physically interpreted as an anisotropic attenuation effect.

The proposed direction-dependent absorbing boundary conditions could also be incor-
porated into two-step based wave extrapolation methods (Fomel et al., 2013; Song et al.,
2013; Fang et al., 2014) using lowrank approximation, by separately applying the damping
operator on both the wavefield and its time derivative. However, since two-step schemes do
not allow a direct incorporation of the absorbing boundary condition into the wave propa-
gation matrix, additional Fourier transforms will be required. The one-step implementation
is more computationally efficient and straightforward.
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Lowrank approximation

To implement wave propagation numerically, we employ the lowrank approximation method
of Fomel et al. (2013) to decompose the wave extrapolation matrix 26 into the following
separated representation:

W (x,k) ≈
M∑
m=1

N∑
n=1

W (x,km)amnW (xn,k). (27)

The difference is that now the lowrank decomposition is implemented for complex matrices
or linear operators instead of real ones. The computation of p(x, t+ ∆t) then becomes:

p(x, t+ ∆t) ≈
M∑
m=1

W (x,km)

(
N∑
n=1

amn

(∫
eixkW (xn,k)P (k, t)dk

))
. (28)

The computational cost of representation 28 is effectively equivalent to applying N inverse
fast Fourier transforms per time step. In practice, N is a small number, typically less than 5
for isotropic media. N may grow with increasing model complexity, such as the introduction
of anisotropy. Compared with a naive straightforward implementation of equation 17, the
number of floating point operations per time step is reduced from O(N2

x) to O(N Nx logNx),
where Nx is the total size of the spatial grid.

RTM imaging conditions

Since the one-step wave extrapolation kernel operates in the complex domain, it requires
a definition of data and reflectivity with complex values. The analytical data follows the
definition of the complex wavefield in equations 7 and 8. It implies that the input data need
to be Hilbert-transformed along the time axis and supplied as the imaginary part before the
migration process, creating an analytical signal (Taner et al., 1979). We adopt the following
complex-valued cross-correlation imaging condition (Claerbout, 1985):

Ic(x) =
∑
s

∑
t

S̄s(x, t)Rs(x, t) , (29)

where the lower case s denotes shots and t denotes time samples. The real part of the
complex image Ic(x) is extracted and used as the final image.

Extended imaging conditions (Sava and Vasconcelos, 2011), including space-shift (Rick-
ett and Sava, 2002; Sava and Fomel, 2003) and time-shift (Sava and Fomel, 2006) imaging
conditions, can provide additional information for migration velocity analysis. The complex-
valued space-shift and time-shift imaging condition for lowrank one-step RTM takes the
form

Ie(x, λ, τ) =
∑
s

∑
t

S̄s(x− λ, t− τ)Rs(x + λ, t+ τ) (30)

and can be easily implemented in the time-space domain.

EXAMPLES

In this section, we use several numerical examples to demonstrate the properties of lowrank
one-step wave extrapolation.
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Complex-valued Lowrank Approximation

Figure 1: One-dimensional veloc-
ity profile with a sharp interface.

(a) (b)

Figure 2: (a) The real part of the wave extrapolation matrix; (b) the imaginary part of
wave extrapolation matrix.

We first test the accuracy of lowrank approximation applied to wave extrapolation ma-
trix in a 1D inhomogeneous medium. Using a simple velocity profile with a sharp velocity
contrast (Figure 1), and a time step size of 0.01 s, the real and imaginary part of the wave
extrapolation matrix defined by Equation 25 with only the φ1 term are plotted in Figures 2a
and 2b, respectively. An accuracy threshold of ε = 10−4 leads to an approximation rank
N = 4. The approximation error is plotted in Figures 3a and 3b and shows the maxi-
mum error corresponding to the prescribed accuracy requirement. To see that the accuracy
threshold is strick enough to guarantee kinematic accuracy, we first use an exact matrix
multiplication to calculate the exact wavefield from an initial condition (Figure 4a). Next,
we use lowrank wave extrapolation to compute the wavefield and calculate their difference
(Figure 4b). Negligible error can be observed from the difference section, indicating the
high accuracy of lowrank wave extrapolation.

Two-layer Model

We use a simple two-layer velocity model similar to the one used by Du et al. (2014)
to demonstrate the stability of one-step wave extrapolation using lowrank approximation.
Figure 5 shows the comparison among the stability of lowrank one-step, lowrank two-step
and fourth-order FD methods. The velocity model has a sharp contrast at the depth of
3795 m; the upper layer has a velocity of 1500 m/s, and the lower layer has a velocity of


from rsf.proj import *

Flow('spike',None,'spike n1=256 k1=128 d1=50 label1= unit1= | ricker1 freq=0.2')

v = 1000.0
dt = 0.01
twopi = 6.28318530718

#Flow('cspike','spike','rtoc')
Flow('cpike','spike','envelope hilb=y  | scale dscale=1')
Flow('cspike','spike cpike','cmplx ${SOURCES[1]}')

# Complex Fourier transform back and forth
##################################

Flow('rand',None,'spike n1=256 d1=50 | noise seed=2009 var=0.1 | rtoc')

# FFT forward

Flow('fft','rand','fft3 axis=1 pad=1')

# Slow inverse FT
Flow('fourier','fft',
     '''
     spray axis=2 n=256 d=50 o=0 |
     math output="exp(%g*I*x1*x2)/(256)"
     ''' % twopi)

Flow('ifourier','fft',
     '''
     spray axis=2 n=256 d=50 o=0 | transp |
     math output="exp(-%g*I*x1*x2)"
     ''' % twopi)
Flow('iden','ifourier fourier','cmatrix B=${SOURCES[1]}')
Flow('propiden','prop iden','cmatrix B=${SOURCES[1]}')

Flow('ift','fft fourier','cmatmult mat=${SOURCES[1]}')

Flow('dif','ift rand','add scale=1,-1 ${SOURCES[1]}')

Result('ift','ift rand','cat axis=2 ${SOURCES[1]} | sfreal | graph wanttitle=n')

# Variable-velocity wave propagation using one-step
####################################

Flow('vel1',None,'spike n1=156 d1=50 mag=1000 | math output="input+0.1*x1" ')
Flow('vel2',None,'spike n1=100 d1=50 mag=2500 | math output="input+0.1*(x1+156)" ')
Flow('vel','vel1 vel2','cat ${SOURCES[1]} axis=1 | put label1=Distance label2=Velocity unit1="m" unit2="m/s" | smooth rect1=4 repeat=0')
#Flow('vel','spike','math output=1000+0.1*x1 | put label1=Distance label2=Velocity unit1="m" unit2="m/s"')
Result('vel1d','vel','graph title="Velocity Profile" ')

# propagator matrix
Flow('prop','vel',
     '''
     spray axis=1 n=256 d=7.8125e-05 o=-0.01 | rtoc |
     math output="exp(-I*abs(%g*x1)*input*%g)"
     ''' % (twopi,dt))
#     math output="exp(-I*abs(%g*x1)*input*%g)-1"

Flow('prop2','prop fourier','mul ${SOURCES[1]}')

Result('propr','prop',
       '''
       real |
       grey title="One-step propagator matrix - real part" color=j scalebar=y
       label1=Wavenumber unit1=1/m label2=Distance unit2=m
       ''')

Result('propi','prop',
       '''
       imag |
       grey title="One-step propagator matrix - imaginary part" color=j scalebar=y
       label1=Wavenumber unit1=1/m label2=Distance unit2=m
       ''')

# Exact matrix multiplication
Flow('wave2','cspike prop2','cfftwave1d prop=${SOURCES[1]} sub=n nt=600 dt=%g cmplx=y' % dt)
Result('wave2','real | grey title="Wave" transp=n label1=Distance unit1=m clip=0.14')

# Lowrank decomposition of a complex matrix
Flow('prod1 left1 right1','prop',
     'transp | clrmatrix seed=2010 left=${TARGETS[1]} right=${TARGETS[2]} outputs=2 | transp')
Result('prod1r','prod1',
       '''
       real |
       grey title="Lowrank Propagator Matrix" color=j scalebar=y 
       label1=Wavenumber unit1=1/m label2=Distance unit2=m
       ''')
Result('prod1i','prod1',
       '''
       imag |
       grey title="Lowrank Propagator Matrix" color=j scalebar=y 
       label1=Wavenumber unit1=1/m label2=Distance unit2=m
       ''')

# Decomposition error
Result('proderr1r','prod1 prop',
       '''
       math other=${SOURCES[1]} output="(input-other)" | real | 
       grey title="Lowrank error - real part" color=j scalebar=y 
       label1=Wavenumber unit1=1/m label2=Distance unit2=m
       ''')

Result('proderr1i','prod1 prop',
       '''
       math other=${SOURCES[1]} output="(input-other)" | imag | 
       grey title="Lowrank error - imaginary part" color=j scalebar=y 
       label1=Wavenumber unit1=1/m label2=Distance unit2=m
       ''')

# Lowrank wave propagation
Flow('lwave1','cspike right1 left1',
     'cfftwave1d right=${SOURCES[1]} left=${SOURCES[2]} nt=600 dt=%g sub=n cmplx=y' % (dt))
Result('lwave1','real | grey title="Lowrank Wave" transp=n label1=Distance unit1=m clip=0.14')

# Wave propagation movie
Plot('lwave1',
     '''
     window j2=5 | scale axis=2 | spray axis=2 n=1 |
     graph min2=-1 max2=1.5 title="One-step (seperated)" wantaxis2=n
     ''')

Flow('error','lwave1 wave2','add ${SOURCES[1]} scale=1,-1')
Result('error','real | grey title="Error" transp=n label1=Distance unit1=m clip=0.14')

End()
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(a) (b)

Figure 3: (a) The real part of the approximation error; (b) the imaginary part of the
approximation error.

(a) (b)

Figure 4: (a) 1D wave propagation from an initial condition - exact solution; (b) error of
lowrank wave extrapolation.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 5: Stability comparison between different schemes. Wavefield snapshots are taken at
t = 1.1 s. (a) Two-layer velocity model. Velocity is 1500 m/s in the top layer and 4500 m/s
in the bottom layer. (b) Wavefield modeled by FD with ∆t = 2 ms. (c) Wavefield modeled
by the one-step scheme with ∆t = 2 ms. (d) Wavefield modeled by the two-step scheme
with ∆t = 2 ms. (e) Wavefield modeled by the one-step scheme with ∆t = 3 ms. (f)
Wavefield modeled by the two-step scheme with ∆t = 3 ms. (g) Wavefield modeled by
the one-step scheme with ∆t = 10 ms. (h) Wavefield modeled by the one-step scheme
with ∆t = 20 ms. (i) Wavefield modeled by the one-step scheme with ∆t = 30 ms.


from rsf.proj import *

Flow('top',None,'spike n1=253 n2=401 d1=15 d2=15 mag=1500')
Flow('bot',None,'spike n1=147 n2=401 d1=15 d2=15 mag=4500')

Flow('vel','top bot','cat axis=1 ${SOURCES[1]} | smooth rect1=3')

Result('twolayer','vel','grey screenratio=1 allpos=y bias=1500 title="Velocity Model" label1=Depth unit1=m label2=Distance unit2=m scalebar=y')
Flow('fft1','vel','rtoc | fft3 axis=1 pad=1 | fft3 axis=2 pad=1')
Flow('fft2','vel','fft1 | fft3 axis=2 pad=1')
Flow('refl',None,'spike n1=400 n2=401 d1=15 d2=15 k1=200 k2=201 | smooth rect1=2 rect2=2 repeat=3') 

time=1.08

for timestep in [2,3,10,20,30]:

    source1 = 'source1-%d'  % timestep
    real    = 'real-%d'     % timestep
    imag    = 'imag-%d'     % timestep
    csource1= 'csource1-%d' % timestep
    csource = 'cource-%d'   % timestep
    left1   = 'left1-%d'    % timestep
    right1  = 'right1-%d'   % timestep
    wave1   = 'wave1-%d'    % timestep
    wavem1  = 'wavem1-%d'   % timestep
    wavex1  = 'wavex1-%d'   % timestep
    wavexm1 = 'wavexm1-%d'  % timestep
    snap1   = 'snap1-%d'    % timestep

    source  = 'source-%d'   % timestep
    left2   = 'left2-%d'    % timestep
    right2  = 'right2-%d'   % timestep
    wave2   = 'wave2-%d'    % timestep
    wavem2  = 'wavem2-%d'   % timestep
    wavex2  = 'wavex2-%d'   % timestep
    wavexm2 = 'wavexm2-%d'  % timestep
    snap2   = 'snap2-%d'    % timestep

    dtt=0.001
    dt=timestep/1000
    nt=1.2/dt+1
    kt=0.12/dt+1
    factor=dt/dtt
    ntt=(nt-1)*factor+1
    ktt=0.12/dtt+1

    #i/(2*phi)=i/(2|omega|)=i/2 * (hilb) [(int)source] 

    Flow(source1,None,
         '''
         spike n1=%d d1=%g k1=%d |
         ricker1 frequency=16
         '''%(ntt,dtt,ktt))
    Flow(real,source1,'math "output=0"')
    Flow(imag,source1,'envelope hilb=y order=500 | halfint | halfint | math output="input/2" ')
    
    Flow(csource1,[real,imag],'cmplx ${SOURCES[1]}')
    Flow(csource,csource1,'window j1=%d'% factor)
    
#########################################
# one-step wave propagation
#########################################
    Flow([right1,left1],['vel','fft1'],
         '''
     cisolr2 seed=2010 dt=%g fft=${SOURCES[1]} left=${TARGETS[1]} 
     ''' % dt)
    
    Flow(wave1,[csource,'refl',left1,right1],
         '''
         cfftwave2 ref=${SOURCES[1]} left=${SOURCES[2]} right=${SOURCES[3]} verb=y cmplx=n
         ''')
    

    Plot(wavem1,wave1,
         '''
         window j3=10  |
         grey label2="Z" label1="X" title="Isotropic"
         yreverse=y gainpanel=all screenratio=1
         ''')
    
    Plot(wavexm1,wave1,
         '''
         window j3=5 | window n2=1 f2=200 squeeze=n |
         graph label2="Z" label1="X" title="Isotropic" min2=-0.005 max2=0.01
         ''')
    
    Plot(wave1,
          '''
          window n3=1 min3=%g |
          grey screenratio=1 wanttitle=n
          label1=Depth unit1=m label2=Distance unit2=m gainpanel=all
          screenht=14
          ''' % time)

    Result(wave1,
           '''
           window n3=1 min3=%g |
           grey screenratio=1 title="One-step Lowrank (dt=%dms)"
           label1=Depth unit1=m label2=Distance unit2=m gainpanel=all
           labelfat=6 titlefat=6 labelsz=9 titlesz=10
           ''' % (time,timestep) )

    Plot(wavex1,wave1,
         '''
         window n3=1  min3=%g  | window n2=1 f2=200 squeeze=n | scale axis=2 |
         graph screenratio=4 screenht=14 transp=y yreverse=y title='Amplitude' wantaxis=n
         ''' % time)

    Result(snap1,[wave1,wavex1],'SideBySideIso')

#########################################
# two-step wave propagation
#########################################

    Flow(source,None,
         '''
         spike n1=%d d1=%g k1=%d |
         ricker1 frequency=16
         '''%(nt,dt,kt))
    Result(source,'graph  title="Source Wavelet" ')
    
    Flow([right2,left2],['vel','fft2'],
         'isolr2 seed=2010 dt=%g fft=${SOURCES[1]} left=${TARGETS[1]}' % dt)
    
    Flow(wave2,[source,'refl',left2,right2],
         '''
         fftwave2 ref=${SOURCES[1]} left=${SOURCES[2]} right=${SOURCES[3]} verb=n snap=1 snaps=$TARGET
         ''',stdout=0)

    Plot(wavem2,wave2,
         '''
         window j3=10  |
         grey label2="Z" label1="X" title="Isotropic"
         yreverse=y gainpanel=all screenratio=1
         ''')
    
    Plot(wavexm2,wave2,
         '''
         window j3=5 | window n2=1 f2=200 squeeze=n |
         graph label2="Z" label1="X" title="Isotropic" min2=-0.005 max2=0.01
         ''')
    
    Plot(wave2,
          '''
          window n3=1 min3=%g |
          grey screenratio=1 wanttitle=n
          label1=Depth unit1=m label2=Distance unit2=m gainpanel=all
          screenht=14
          ''' % time)

    Result(wave2,
           '''
           window n3=1 min3=%g |
           grey screenratio=1 title="Two-step Lowrank (dt=%dms)"
           label1=Depth unit1=m label2=Distance unit2=m gainpanel=all
           labelfat=6 titlefat=6 labelsz=9 titlesz=10
           ''' % (time,timestep) )

    Plot(wavex2,wave2,
         '''
         window n3=1  min3=%g  | window n2=1 f2=200 squeeze=n | scale axis=2 |
         graph screenratio=4 screenht=14 transp=y yreverse=y title='Amplitude' wantaxis=n
         ''' % time)

    Result(snap2,[wave2,wavex2],'SideBySideIso')


Result('clipwave1-3','wave1-3',
     '''
     window n3=1 min3=%g |
     grey screenratio=1 title="One-step Lowrank (dt=%dms)"
     clip=0.02
     label1=Depth unit1=m label2=Distance unit2=m gainpanel=all
     labelfat=6 titlefat=6 labelsz=9 titlesz=10
     ''' % (time,3) )
Result('clipwave2-3','wave2-3',
     '''
     window n3=1 min3=%g |
     grey screenratio=1 title="Two-step Lowrank (dt=%dms)"
     clip=0.02
     label1=Depth unit1=m label2=Distance unit2=m gainpanel=all
     labelfat=6 titlefat=6 labelsz=9 titlesz=10
     ''' % (time,3) )
Result('clipwave1-10','wave1-10',
     '''
     window n3=1 min3=%g |
     grey screenratio=1 title="One-step Lowrank (dt=%dms)"
     clip=0.006
     label1=Depth unit1=m label2=Distance unit2=m gainpanel=all
     labelfat=6 titlefat=6 labelsz=9 titlesz=10
     ''' % (time,10) )
Result('clipwave2-10','wave2-10',
     '''
     window n3=1 min3=%g |
     grey screenratio=1 title="Two-step Lowrank (dt=%dms)"
     clip=1e3
     label1=Depth unit1=m label2=Distance unit2=m gainpanel=all
     labelfat=6 titlefat=6 labelsz=9 titlesz=10
     ''' % (time,10) )


##########################
# Finite Difference
##########################
    

Flow('source2',None,
     '''
     spike n1=%d d1=%g k1=%d |
     ricker1 frequency=16
     '''%(601,0.002,61))
Result('source2','graph  title="Source Wavelet" ')
    
Flow('fwavefd','source2 vel',
     '''
     fd2bs vel=${SOURCES[1]} dt=%g nt=%d isx=200 isz=201 nb=0 c=0.01 
     '''%(0.002,601))
    
Plot('fwavefd',
     '''
     window n3=1 min3=%g |
     grey screenratio=1 wanttitle=n
     label1=Depth unit1=m label2=Distance unit2=m gainpanel=all
     screenht=14
     ''' % time)
    
Result('fwavefd',
       '''
       window n3=1 min3=%g |
       grey screenratio=1 title="Finite Differences (dt=%dms)"
       label1=Depth unit1=m label2=Distance unit2=m gainpanel=all
       labelfat=6 titlefat=6 labelsz=9 titlesz=10
       ''' % (time,2))
    
Plot('fwavecrossfd','fwavefd',
     '''
     window n3=1  min3=%g  | window n2=1 f2=200 squeeze=n | scale axis=2 |
     graph screenratio=4 screenht=14 transp=y yreverse=y title='Amplitude' wantaxis=n
     ''' % time)
   
Result('snapshot2','fwavefd fwavecrossfd','SideBySideIso')
"""
Flow('fwavefd-3','source2 vel',
     '''
     fd2bs vel=${SOURCES[1]} dt=%g nt=%d isx=200 isz=201 nb=0 c=0.01 
     '''%(0.003,401))

Result('clipwavefd-3','fwavefd-3',
     '''
     window n3=1 min3=%g |
     grey screenratio=1 title="FD scheme (dt=%dms)"
     clip=1e1
     label1=Depth unit1=m label2=Distance unit2=m gainpanel=all
     labelfat=6 titlefat=6 labelsz=9 titlesz=10
     ''' % (time,3) )
"""
End()
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4500 m/s (Figure 5a). The model is discretized on a 400× 400 grid with a spacing of 15 m
along both horizontal and vertical directions. An explosive source, with a Ricker wavelet
using a peak frequency of 16 Hz (maximum frequency approximately 50 Hz) is injected
in the center of the model. When a time step of 2 ms is used, the classic fourth-order FD
method suffers from visible dispersion artifacts (Figure 5b), whereas both the one-step and
two-step schemes produce waves free of artifacts (Figure 5c and 5d). When a time step of
3 ms is used, the one-step scheme is stable (Figure 5e) whereas the two-step scheme starts
to develop artifacts near the velocity contrast (Figure 5f). The FD method is no longer
stable and therefore is not plotted. At 10 ms, which corresponds to the Nyquist sampling
rate, the one-step scheme remains stable (Figure 5g), but the two-step scheme becomes
unstable and thus is not plotted. Using 20 ms, the one-step scheme is still stable, but starts
to develop ringing artifacts similar to those observed by Du et al. (2014) (Figure 5h). Using
the time step size of 30 ms, the ringing effects aggravate, however the operator remains
stable (Figure 5i).

Improved phase accuracy

To test if a more accurate wavefield can be obtained by using one-step extrapolation with
equation 24, we first use a synthetic model with a smooth velocity distribution and large
velocity variations (Figure 6a). We propagate a wavefield with the Ricker-wavelet source,
using a time step of 3.5 ms. The model is discretized on a 512 × 512 grid with a spacing
of 5 m along both horizontal and vertical directions. The source is injected in the center
of the model. Figure 6b shows the reference wavefield propagated using only the φ1 term
from equation 20, but with an exceedingly small time step (0.175 ms), so that the φ2 term
is negligible and the wavefield can be treated as accurate. Figure 6c shows the difference
between the reference wavefield and the wavefield propagated by equation 24 after normal-
ization. Figure 6d shows the difference between the reference wavefield and the wavefield
propagated without including the φ2 term in the phase function, also after normalization.
After including the velocity-gradient term, the error decreases significantly, and is caused
mainly by small amplitude differences. On the other hand, the difference calculated without
using the velocity-gradient term is due mostly to the shift in phase. This observation is
further supported by Figure 7, which shows a comparison between traces extracted from the
2D wavefield snapshots at X = 2000 m. The trace calculated using the velocity-gradient
term aligns with the reference trace, whereas the trace calculated without including the
velocity-gradient term has a noticeable shift in space relative to the reference trace. The
shift increases with the degree of velocity variation.

Next, we perform a similar experiment using a more complicated Marmousi velocity
model (Figure 8a). The model is smoothed and discretized on a 376 × 576 grid with a
spacing of 25 m. The reference wavefield is propagated using a time step size of 1.5 ms
(Figure 8b). Figures 8c and 8d demonstrates the difference between the reference wavefield
and the wavefields calculated using phase functions with and without the velocity gradient
term. Figure 9 overlays the trace from the reference wavefield extracted at Z = 8800 m
with corresponding traces from the wavefields propagated using a larger time step size.
The comparison shows that, even with moderate velocity variations but a relatively large
time step size, the velocity gradient term can have a noticeable contribution to the phase
accuracy.
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(a) (b)

(c) (d)

Figure 6: Wave propagation in a medium with large velocity variations. (a) Velocity model.
(b) Reference wavefield propagated using ∆t = 0.175 ms. (c) Difference between reference
and wavefield propagated with the velocity-gradient term using ∆t = 3.5 ms. (d) Difference
between reference and wavefield propagated without the velocity-gradient term using ∆t =
3.5 ms.


from rsf.proj import *


Flow('vel',None,
     '''                                                                       
     math n1=512 d1=5 n2=512 d2=5                                              
     output="500+0.002*(x1-1000)*(x1-1000)+0.003*(x2-1200)*(x2-1200)"         
     unit1=m unit2=m label1=X label2=Z                 
     ''')

"""
Flow('vel',None,
     '''
     math n1=512 d1=5 n2=512 d2=5
     output="3000+0.000002*(x1-400)*(x1-1000)*(x1-1800)+0.000002*(x2-300)*(x2-1200)*(x2-2000)"
     label=Velocity unit1=m unit2=m unit=m/s label1=X label2=Z 
     ''')


Flow('vel',None,
     '''
     math n1=512 d1=5 n2=512 d2=5
     output="1000+0.0003*(x1)*(x1)+0.0000002*(x2)*(x2)*x2"
     label=Velocity unit1=m unit2=m unit=m/s label1=X label2=Z 
     ''')

"""
Result('vel',
       '''
       grey transp=n screenratio=0.89 color=j
       bias=3500 scalebar=y title=Model barlabel=Velocity barunit=m/s
       labelfat=6 titlefat=6 labelsz=9 titlesz=10
       ''')

Flow('grad1','vel','igrad square=n adj=n | math output="input/5" ')
Flow('grad2','vel','transp| igrad square=n adj=n | transp | math output="input/5" ')
Result('grad1','grey transp=n scalebar=y color=j title="Velocity gradient in X direction" ')
Result('grad2','grey transp=n scalebar=y color=j title="Velocity gradient in Z direction" ')

time=0.8855

dtt=0.0005
nt=301
dt=0.0035
factor=dt/dtt
ntt=(nt-1)*factor+1
ktt=(ntt-1)/10+1

Flow('source1',None,
     '''
     spike n1=%d d1=%g k1=%d |
     ricker1 frequency=15
     '''%(ntt,dtt,ktt))
Flow('real','source1','math "output=0"')
Flow('imag','source1','envelope hilb=y | halfint | halfint | math output="input/2" ')

Flow('csource1','real imag','cmplx ${SOURCES[1]}')
Flow('csource','csource1','window j1=%d'% factor)
Flow('source','source1','window j1=%d'% factor)
Result('source','graph  title="Source Wavelet" ')

Flow('fft','vel','rtoc | fft3 axis=1 pad=1 | fft3 axis=2 pad=1')

Flow('refl',None,'spike n1=512 d1=5 n2=512 d2=5 k1=245 k2=250') 

### traveltime
Flow('ray','vel','spray axis=3 n=1 d=5 o=0 | eikonal zshot=1220 yshot=1250 xshot=0')
Plot('ray','contour nc=1 c0=0.78 transp=n wantaxis=n wanttitle=n screenratio=1 dash=1 plotfat=5 plotcol=3')

### gradient
Flow('right left','vel grad1 grad2 fft',
     '''
     cisolr2grad seed=2010 dt=%g grad1=${SOURCES[1]} grad2=${SOURCES[2]} fft=${SOURCES[3]} left=${TARGETS[1]} npk=100 eps=1e-4
     ''' % dt)

Flow('wave','csource refl left right',
     '''
     cfftwave2omp ref=${SOURCES[1]} left=${SOURCES[2]} right=${SOURCES[3]} verb=y cmplx=n
     ''')

Result('wave','grey title="Lowrank Wave" transp=n label1=Distance unit1=m')

Plot('wave',
     '''
     window j3=25  |
     grey label2="Z" label1="X" title="Isotropic"
     yreverse=y transp=n gainpanel=all screenratio=1
     ''')

Result('wavesnap','wave',
     '''
     window n3=1 min3=%g |
     grey title="With Gradient"
     yreverse=y transp=n gainpanel=all screenratio=1
     label1=X unit1=m label2=Z unit2=m
     ''' % time)

#Result('comp','wavesnap ray','Overlay')

Plot('wavecross','wave',
     '''
     window j3=5 | window n2=1 f2=256 squeeze=n |
     graph label2="Z" label1="X" title="Isotropic" min2=-0.005 max2=0.01
     ''')

Flow('snapshot','wave','window j3=50 max3=0.5 | stack axis=3')

Result('snapshot',
       '''
       grey label2="Z" label1="X" title="Isotropic" screenratio=1
       yreverse=y transp=n gainpanel=all unit1=m unit2=m
       ''')


### without gradient
Flow('right1 left1','vel fft',
     '''
     cisolr2 seed=2010 dt=%g fft=${SOURCES[1]} left=${TARGETS[1]} 
     ''' % dt)

Flow('wave1','csource refl left1 right1',
     '''
     cfftwave2omp ref=${SOURCES[1]} left=${SOURCES[2]} right=${SOURCES[3]} verb=y cmplx=n
     ''')

Result('wave1','grey title="Lowrank Wave" transp=n clip=0.1 label1=Distance unit1=m')

Plot('wave1',
     '''
     window j3=25  |
     grey label2="Z" label1="X" title="Isotropic"
     yreverse=y transp=n gainpanel=all screenratio=1
     ''')

Result('wave1snap','wave1',
     '''
     window n3=1 min3=%g |
     grey title="Without Gradient"
     yreverse=y transp=n gainpanel=all screenratio=1
     label1=X unit1=m label2=Z unit2=m
     ''' % time)

#Result('comp1','wave1snap ray','Overlay')

Plot('wavecross1','wave1',
     '''
     window j3=5 | window n2=1 f2=256 squeeze=n |
     graph label2="Z" label1="X" title="Isotropic" min2=-0.005 max2=0.01
     ''')

Flow('snapshot1','wave1','window j3=50 max3=0.5 | stack axis=3')

Result('snapshot1',
       '''
       grey label2="Z" label1="X" title="Isotropic" screenratio=1
       yreverse=y transp=n gainpanel=all unit1=m unit2=m
       ''')

### ground truth ###

dttt=dt/20
nttt=(nt-1)*20+1
kttt=(nttt-1)/10+1
Flow('source2',None,
     '''
     spike n1=%d d1=%g k1=%d |
     ricker1 frequency=15
     '''%(nttt,dttt,kttt))
Flow('real2','source2','math "output=0"')
Flow('imag2','source2','envelope hilb=y | halfint | halfint | math output="input/2" ')

Flow('csource2','real2 imag2','cmplx ${SOURCES[1]}')
Result('source2','graph  title="Source Wavelet" ')


Flow('right2 left2','vel fft',
     '''
     cisolr2 seed=2010 dt=%g fft=${SOURCES[1]} left=${TARGETS[1]} 
     ''' % dttt)

Flow('wave2','csource2 refl left2 right2',
     '''
     cfftwave2omp ref=${SOURCES[1]} left=${SOURCES[2]} right=${SOURCES[3]} verb=y cmplx=n | window j3=20
     ''')


Result('wave2snap','wave2',
     '''
     window n3=1 min3=%g |
     scale axis=3 |
     grey title="Reference"
     yreverse=y transp=n gainpanel=all screenratio=0.89
     scalebar=y maxval=1 minval=-1
     label1=X unit1=m label2=Z unit2=m barlabel=Normalized\ Amplitude
     labelfat=6 titlefat=6 labelsz=9 titlesz=10
     ''' % time)

#Result('comp2','wave2snap ray','Overlay')


Flow('last','wave','window n3=1 min3=%g | scale axis=3 ' % time)
Flow('last1','wave1','window n3=1 min3=%g | scale axis=3 '% time)
Flow('last2','wave2','window n3=1 min3=%g | scale axis=3 '% time)
Flow('diff','last last2','math truth=last2.rsf output="abs(input-truth)" ')
Flow('diff1','last1 last2','math truth=last2.rsf output="abs(input-truth)" ')
Flow('test','last last1','math truth=last1.rsf output="abs(input-truth)" ')
#Result('diff','mask min=0.00 | dd type=float | add mode=p $SOURCE | grey maxval=0.18 minval=0 clip=0.18 screenratio=0.89 scalebar=y label1=X unit1=m label2=Z unit2=m title="With Gradient" transp=n ')
#Result('diff1','mask min=0.00 | dd type=float | add mode=p $SOURCE | grey maxval=0.18 minval=0 clip=0.18 screenratio=0.89 scalebar=y label1=X unit1=m label2=Z unit2=m title="Without Gradient" transp=n ')
#Result('diffcontrast','diff diff1','SideBySideIso')
#Result('snapcontrast','wavesnap wave1snap','SideBySideIso')
Result('diff','grey maxval=0.15 minval=0 clip=0.15 screenratio=0.89 scalebar=y label1=X unit1=m label2=Z unit2=m title="Error (with gradient)" transp=n labelfat=6 titlefat=6 labelsz=9 titlesz=10 barlabel=Normalized\ Amplitude')
Result('diff1','grey maxval=0.15 minval=0 clip=0.15 screenratio=0.89 scalebar=y label1=X unit1=m label2=Z unit2=m title="Error (without gradient)" transp=n labelfat=6 titlefat=6 labelsz=9 titlesz=10 barlabel=Normalized\ Amplitude ')

# test
pos=410

Flow('trace','wave','window f1=%d n1=1 squeeze=n | window min3=%g n3=1' % (pos,time))
Flow('trace1','wave1','window f1=%d n1=1 squeeze=n | window min3=%g n3=1' % (pos,time))
Flow('trace2','wave2','window f1=%d n1=1 squeeze=n | window min3=%g n3=1' % (pos,time))

Flow('compp','trace trace2','cat axis=2 ${SOURCES[1]} | scale axis=1')
Flow('compp1','trace1 trace2','cat axis=2 ${SOURCES[1]} | scale axis=1')
Result('compp','graph dash=0,1 plotcol=6,7 plotfat=3 label1=Z unit1=m label2="Normalized Amplitude" unit2= wanttitle=y title="With gradient" screenwd=14.5 screenht=5.5 labelfat=4 labelsz=5.5')
Result('compp1','graph dash=4,1 plotcol=5,7 plotfat=3 label1=Z unit1=m label2="Normalized Amplitude" unit2= wanttitle=y title="Without gradient" screenwd=14.5 screenht=5.5 labelfat=4 labelsz=5.5')

#Result('compp1','comp','graph dash=0,4,1 plotcol=6,5,7 plotfat=3 label1=Distance unit1=m label2="Normalized Amplitude" unit2= wanttitle=n labelfat=4 labelsz=9')

End()
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(a)

(b)

Figure 7: A slice through wavefields in Figure 6 at X = 2000 m. The short-dashed line
represents the reference wavefield; the solid line represents the result calculated with velocity
gradient; the long-dashed line represents the result calculated without velocity gradient.
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(a) (b)

(c) (d)

Figure 8: Wave propagation in a realistic velocity model. (a) Marmousi velocity model. (b)
Reference wavefield propagated using ∆t = 1.5 ms. (c) Difference between the reference
wavefield and the wavefield propagated with the velocity-gradient term using ∆t = 15 ms.
(d) Difference between the reference wavefield and the wavefield propagated without the
velocity-gradient term using ∆t = 15 ms.


from rsf.proj import *

Fetch('marmvel.hh','marm')
Flow('vel','marmvel.hh',
    '''
    dd form=native |
    put label1=Z label2=X label=Velocity unit=m/s |
    window j1=2 j2=4 |
    smooth rect1=20 rect2=20 repeat=1 | put d1=25 d2=25
    ''')

Result('mvel','vel',
       '''
       grey color=j allpos=y bias=1500 scalebar=y title="Marmousi Model" 
       barlabel=Velocity barreverse=y barunit=m/s
       labelfat=6 titlefat=6 labelsz=9 titlesz=10
       unit1=m unit2=m
       ''')

Flow('grad1','vel','igrad square=n adj=n | math output="input/25" ')
Flow('grad2','vel','transp| igrad square=n adj=n | transp | math output="input/25" ')
Result('grad1','grey scalebar=y color=j title="Velocity gradient in Z direction" ')
Result('grad2','grey scalebar=y color=j title="Velocity gradient in X direction" ')

time=1.8

nt=121
dt=0.015

dtt=0.0005
factor=dt/dtt
ntt=(nt-1)*factor+1
ktt=(ntt-1)/10+1

Flow('source1',None,
     '''
     spike n1=%d d1=%g k1=%d |
     ricker1 frequency=15
     '''%(ntt,dtt,ktt))
Flow('real','source1','math "output=0"')
Flow('imag','source1','envelope hilb=y | halfint | halfint | math output="input/2" ')

Flow('csource1','real imag','cmplx ${SOURCES[1]}')
Flow('csource','csource1','window j1=%d'% factor)
Flow('source','source1','window j1=%d'% factor)
Result('source','graph  title="Source Wavelet" ')

Flow('fft','vel','rtoc | fft3 axis=1 pad=1 | fft3 axis=2 pad=1')

Flow('refl','vel','spike k1=150 k2=288 | smooth rect1=2 rect2=2 repeat=2') 

### traveltime
#Flow('ray','vel','spray axis=3 n=1 d=5 o=0 | eikonal zshot=1220 yshot=1250 xshot=0')
#Plot('ray','contour nc=1 c0=0.78 wantaxis=n wanttitle=n dash=1 plotfat=5 plotcol=3')

### gradient
Flow('right left','vel grad1 grad2 fft',
     '''
     cisolr2grad seed=2010 dt=%g grad1=${SOURCES[1]} grad2=${SOURCES[2]} fft=${SOURCES[3]} left=${TARGETS[1]} npk=50 eps=1e-4
     ''' % dt)

Flow('wave','csource refl left right',
     '''
     cfftwave2omp ref=${SOURCES[1]} left=${SOURCES[2]} right=${SOURCES[3]} verb=y cmplx=n
     ''')

Plot('wave',
     '''
     window j3=25  |
     grey label2="Z" label1="X" title="Isotropic"
     yreverse=y gainpanel=all 
     ''')

Result('wavesnap','wave',
     '''
     window n3=1 min3=%g |
     grey title="With Gradient"
     yreverse=y gainpanel=all 
     label1=Z unit1=m label2=X unit2=m
     labelfat=6 titlefat=6 labelsz=9 titlesz=10 
     ''' % time)

#Result('comp','wavesnap ray','Overlay')

Plot('wavecross','wave',
     '''
     window n3=1 min3=%g n1=1 min1=8000 |
     graph label2="Amplitude" label1="X" title="Isotropic" min2=-0.0004 max2=0.0005
     ''' % time)

### without gradient
Flow('right1 left1','vel fft',
     '''
     cisolr2 seed=2010 dt=%g fft=${SOURCES[1]} left=${TARGETS[1]} npk=50 eps=1e-4 
     ''' % dt)

Flow('wave1','csource refl left1 right1',
     '''
     cfftwave2 ref=${SOURCES[1]} left=${SOURCES[2]} right=${SOURCES[3]} verb=y cmplx=n
     ''')

Plot('wave1',
     '''
     window j3=250  |
     grey label2="X" label1="Z" title="Isotropic"
     yreverse=y gainpanel=all 
     ''')

Result('wave1snap','wave1',
     '''
     window n3=1 min3=%g |
     grey title="Without Gradient"
     yreverse=y gainpanel=all 
     label1=Z unit1=m label2=X unit2=m
     labelfat=6 titlefat=6 labelsz=9 titlesz=10 
     ''' % time)

#Result('comp1','wave1snap ray','Overlay')

Plot('wavecross1','wave1',
     '''
     window n3=1 min3=%g n1=1 min1=8000 |
     graph label2="Amplitude" label1="X" title="Isotropic" min2=-0.0004 max2=0.0005
     ''' % time)

### reference
nt=1201
dt=0.0015

dtt=0.0005
factor=dt/dtt
ntt=(nt-1)*factor+1
ktt=(ntt-1)/10+1

Flow('source1-b',None,
     '''
     spike n1=%d d1=%g k1=%d |
     ricker1 frequency=15
     '''%(ntt,dtt,ktt))
Flow('real-b','source1-b','math "output=0"')
Flow('imag-b','source1-b','envelope hilb=y | halfint | halfint | math output="input/2" ')

Flow('csource1-b','real-b imag-b','cmplx ${SOURCES[1]}')
Flow('csource-b','csource1-b','window j1=%d'% factor)
Flow('source-b','source1-b','window j1=%d'% factor)
Result('source-b','graph  title="Source Wavelet" ')

Flow('right1-b left1-b','vel fft',
     '''
     cisolr2 seed=2010 dt=%g fft=${SOURCES[1]} left=${TARGETS[1]} npk=50 eps=1e-4 
     ''' % dt)

Flow('wave1-b','csource-b refl left1-b right1-b',
     '''
     cfftwave2 ref=${SOURCES[1]} left=${SOURCES[2]} right=${SOURCES[3]} verb=y cmplx=n
     ''')

Plot('wave1-b',
     '''
     window j3=25  |
     grey label2="X" label1="Z" title="Isotropic"
     yreverse=y gainpanel=all 
     ''')

Result('wave1snap-b','wave1-b',
     '''
     window n3=1 min3=%g |
     grey title="Reference"
     yreverse=y gainpanel=all 
     label1=Z unit1=m label2=X unit2=m
     labelfat=6 titlefat=6 labelsz=9 titlesz=10 
     ''' % time)

#Result('comp1-b','wave1snap-b ray','Overlay')

Plot('wavecross1-b','wave1-b',
     '''
     window n3=1 min3=%g n1=1 min1=8000 |
     graph label2="Amplitude" label1="X" title="Isotropic" min2=-0.0004 max2=0.0005
     ''' % time)

Flow('last','wave','window n3=1 min3=%g | scale axis=3 ' % time)
Flow('last1','wave1','window n3=1 min3=%g | scale axis=3 '% time)
Flow('last2','wave1-b','window n3=1 min3=%g | scale axis=3 '% time)
Flow('diff','last last2','math truth=last2.rsf output="abs(input-truth)" ')
Flow('diff1','last1 last2','math truth=last2.rsf output="abs(input-truth)" ')
Result('mdiff','diff','grey maxval=0.15 minval=0 clip=0.15 scalebar=y label1=Z unit1=m label2=X unit2=m title="Error (with gradient)" labelfat=6 titlefat=6 labelsz=9 titlesz=10 barlabel=Normalized\ Amplitude')
Result('mdiff1','diff1','grey maxval=0.15 minval=0 clip=0.15 scalebar=y label1=Z unit1=m label2=X unit2=m title="Error (without gradient)" labelfat=6 titlefat=6 labelsz=9 titlesz=10 barlabel=Normalized\ Amplitude ')

pos=8800

Flow('trace','wave','window n1=1 min1=%d min3=%g n3=1 min2=4000 max2=10000 ' % (pos,time))
Flow('trace1','wave1','window n1=1 min1=%d min3=%g n3=1 min2=4000 max2=10000 ' % (pos,time))
Flow('trace2','wave1-b','window n1=1 min1=%d min3=%g n3=1 min2=4000 max2=10000 ' % (pos,time))

Flow('comp','trace trace1 trace2','cat axis=2 ${SOURCES[1:3]} | scale axis=1')
Result('mcompp','trace trace2','cat axis=2 ${SOURCES[1]} | scale axis=1 | graph dash=0,1 plotcol=6,7 plotfat=3 label1=X unit1=m label2="Normalized Amplitude" unit2= wanttitle=y title="With gradient" screenwd=14.5 screenht=5.5 labelfat=4 labelsz=5.5')
Result('mcompp1','trace1 trace2','cat axis=2 ${SOURCES[1]} | scale axis=1 | graph dash=4,1 plotcol=5,7 plotfat=3 label1=X unit1=m label2="Normalized Amplitude" unit2= wanttitle=y title="Without gradient" screenwd=14.5 screenht=5.5 labelfat=4 labelsz=5.5')

#Result('compp1','comp','graph dash=0,4,1 plotcol=6,5,7 plotfat=2 label1=Distance unit1=m label2="Normalized Amplitude" unit2= wanttitle=n labelfat=4 labelsz=9')


End()
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(a)

(b)

Figure 9: A slice through wavefields in Figure 8 at X = 8800 m. The short-dashed line
represents the reference wavefield; the solid line represents the result calculated with velocity
gradient; the long-dashed line represents the result calculated without velocity gradient.
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In the remaining examples of this paper, the velocity gradient term was not included in
the phase function for simplicity.

Absorbing boundary conditions

(a) (b)

Figure 10: Comparison between wavefield propagated with the direction-dependent ab-
sorbing boundary condition (a) and wavefield propagated with the direction-independent
absorbing boundary condition (b). The amplitude has been normalized to 1, and the
scale bar has been clipped to 0.1 to highlight artificial reflections from the boundary.

In the next example, we incorporate the propagation-direction-dependent absorbing
boundary condition in the wave extrapolation operator to attenuate waves reaching the
boundary. The absorbing boundary defined by equation 26 does not attenuate any energy
if the wave propagates parallel to the boundary, and reaches maximum damping when the
wave propagates normal to the boundary. This property reduces artificial reflected energy
at large incident angles. Figure 10 compares the propagation-direction-dependent absorbing
boundary condition with a conventional direction-independent absorbing boundary condi-
tion (tapering) using a point-source wavefield. After normalization and clipping for display,
the direction-dependent absorbing boundary condition proves to be more effective at wide-
incident angles. In isotropic wave propagation, we observed that the direction-dependent
absorbing boundary condition may increase the rank of the lowrank approximation because
of induced anisotropic attenuation of wave propagation. One possible way to decrease the
cost is to implement the absorbing boundary condition separately from the wave extrapola-
tion process, using partial Fast Fourier Transforms (Ying and Fomel, 2009). In this way, the
cost of absorbing boundaries can be marginal compared to the cost of wave extrapolation.

Wave propagation in TTI media

To show that the proposed method handles anisotropic media accurately, we propagate qP-
and qSV-waves in a portion of the 2007 anisotropic benchmark model from BP. The model


from rsf.proj import *


Flow('vel',None,
     '''
     math n1=400 d1=15 n2=401 d2=15
     output="2000"
     label=Velocity unit1=m unit2=m unit=m/s label1=Z label2=X 
     ''')

Result('vel','grey screenratio=1 allpos=y bias=1500 title="Velocity Model" label1=Depth unit1=m label2=Distance unit2=m')

dtt=0.0005
nt=800
dt=0.002
factor=dt/dtt

sponge=40
par=0.015
n1=400-2*sponge
n2=401-2*sponge

Flow('source1',None,
     '''
     spike n1=%d d1=%g k1=200 |
     ricker1 frequency=15
     '''%(nt*factor,dtt))
Flow('real','source1','math "output=0"')
Flow('imag','source1','envelope hilb=y | halfint | halfint | math output="input/2" ')

Flow('csource1','real imag','cmplx ${SOURCES[1]}')
Flow('csource','csource1','window j1=%d'% factor)
Flow('source','source1','window j1=%d'% factor)
Result('source','graph  title="Source Wavelet" ')

Flow('refl',None,'spike n1=400 n2=401 d1=15 d2=15 k1=300 k2=130') 

Flow('fft','vel','rtoc | fft3 axis=1 pad=1 | fft3 axis=2 pad=1')
Flow('right left','vel fft',
     '''
     cisolr2abc seed=2010 dt=%g fft=${SOURCES[1]} left=${TARGETS[1]}
     nbt=%d nbb=%d nbl=%d nbr=%d ct=%g cb=%g cl=%g cr=%g
     ''' % (dt,sponge,sponge,sponge,sponge,par,par,par,par))

Flow('cwave','csource refl left right',
     '''
     cfftwave2 ref=${SOURCES[1]} left=${SOURCES[2]} right=${SOURCES[3]} verb=y cmplx=n
     ''')

Plot('cwavemovie','cwave',
     '''
     window j3=20  |
     grey label2="X" unit2=m label1="Z" unit1=m title="Direction-dependent ABC"
     yreverse=y gainpanel=all screenratio=1
     ''')

Plot('cwavexmovie','cwave',
     '''
     window j3=5 | window n2=1 f2=200 squeeze=n |
     graph label2="Z" label1="X" title="Direction Dependent"
     min2=-0.005 max2=0.01
     ''')

Flow('cwavesnap','cwave','window n1=%d f1=%d n2=%d f2=%d n3=1 min3=1.4 | put o1=0 o2=0' %(n1,sponge,n2,sponge))
Result('cwavesnap',
       '''
       grey screenratio=1 title="Direction Dependent"
       label1=Z unit1=m label2=X unit2=m gainpanel=all
       labelfat=6 titlefat=6 labelsz=9 titlesz=10 
       barlabel=Normalized\ Amplitude
       ''' )

Result('cwavesnapgain','cwavesnap','scale axis=3 | grey maxval=0.1 minval=-0.1 clip=0.1 screenratio=0.89 scalebar=y label1=Z unit1=m label2=X unit2=m title="Direction Dependent" labelfat=6 titlefat=6 labelsz=9 titlesz=10 barlabel=Normalized\ Amplitude')


###################################################################
### with direction independent ABC 
###################################################################

Flow('right2 left2','vel fft',
     '''
     cisolr2abc1 seed=2010 dt=%g fft=${SOURCES[1]} left=${TARGETS[1]}
     nbt=%d nbb=%d nbl=%d nbr=%d ct=%g cb=%g cl=%g cr=%g
     ''' % (dt,sponge,sponge,sponge,sponge,par,par,par,par))

Flow('cwave2','csource refl left2 right2',
     '''
     cfftwave2 ref=${SOURCES[1]} left=${SOURCES[2]} right=${SOURCES[3]} verb=y cmplx=n
     ''')

Plot('cwave2movie','cwave2',
     '''
     window j3=5  |
     grey label2="X" label1="Z" title="Without K"
     yreverse=y gainpanel=all screenratio=1
     ''')

Plot('cwavex2movie','cwave2',
     '''
     window j3=5 | window n2=1 f2=200 squeeze=n |
     graph label2="Z" label1="X" title="Isotropic" min2=-0.005 max2=0.01
     ''')

Flow('cwave2snap','cwave2','window n1=%d f1=%d n2=%d f2=%d n3=1 min3=1.4 | put o1=0 o2=0' %(n1,sponge,n2,sponge))
Result('cwave2snap',
       '''
       grey screenratio=1 title="Direction Independent"
       label1=Z unit1=m label2=X unit2=m gainpanel=all
       labelfat=6 titlefat=6 labelsz=9 titlesz=10 
       barlabel=Normalized\ Amplitude
       ''')

Result('cwave2snapgain','cwave2snap','scale axis=3 | grey maxval=0.1 minval=-0.1 clip=0.1 screenratio=0.89 scalebar=y label1=Z unit1=m label2=X unit2=m title="Direction Independent" labelfat=6 titlefat=6 labelsz=9 titlesz=10 barlabel=Normalized\ Amplitude')

End()
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(a) (b)

(c) (d)

Figure 11: BP-2007 anisotropic benchmark model. (a) P-wave phase velocity along the axis
of symmetry Vz. (b) P-wave phase in the symmetry plane Vx. (c) Anellipticity parameter
η. (d) Tilt angle of the symmetry axis θ.

(a) (b)

(c) (d)

Figure 12: Wavefield snapshots taken at different times showing P-wave propagation
through the 2007 BP TTI model. Propagation-direction-dependent absorbing bound-
ary conditions allow little energy to be reflected, even at wide-incident angles. The
four wavefield snapshots calculated using different time step sizes are almost identi-
cal: (a) ∆t = 4 ms; (b) ∆t = 10 ms; (c) ∆t = 20 ms; (d) ∆t = 30 ms.


# sfbatch exe="OMP_NUM_THREADS=8 scons lock" wall="9:00:00" np=100 nodes=50 ppn=2 queue=normal 

from rsf.proj import *
import os

# Prepare data
# Download Anisotropic_FD_Model_Shots_part*.sgy.gz from http://www.freeusp.org/2007_BP_Ani_Vel_Benchmark/
dat={}
for i in range(4):
    dat[i] = 'Anisotropic_FD_Model_Shots_part%d'%(i+1)
    Fetch(dat[i]+'.sgy.gz','BP',top=os.environ.get('DATAPATH'),server='local')
    Flow(dat[i]+'.sgy',dat[i]+'.sgy.gz','gunzip -c $SOURCE ',stdin=0)
    Flow(dat[i],dat[i]+'.sgy','segyread endian=y')

Flow('shot',dat.values(),'cat axis=2 ${SOURCES[1:4]} | put n2=800 d2=0.0125 o2=-10.025 n3=1641 d3=0.05 o3=0 label2="Offset" unit2="km" label3="Shot" unit3="km"')

# Prepare model
# Download ModelParams.tar.gz from http://www.freeusp.org/2007_BP_Ani_Vel_Benchmark/
tgz = 'ModelParams.tar.gz'
Fetch(tgz,'BP',top=os.environ.get('DATAPATH'),server='local')

pars = Split('epsilon delta vp theta')
sgy = {}
for par in pars:
    sgy[par] = os.path.join('ModelParams',par.capitalize() + '_Model.sgy')

Flow(sgy.values(),tgz,'zcat $SOURCE | tar -xvf -',stdin=0,stdout=-1)

units = {
        'epsilon':'',
        'delta':'',
        'vp':'km/s',
        'theta':'degrees'
}

for par in pars:
    Flow([par,par+'.asc',par+'.bin'],sgy[par],
         '''
         segyread hfile=${TARGETS[1]} bfile=${TARGETS[2]} read=d |
         put
         o2=0 d2=0.00625 label2=Distance unit2=km
         o1=0 d1=0.00625 label1=Depth unit1=km %s |
         window j1=3 j2=2 |
         pad2 top=5 left=802 right=761
         ''' % ('','| scale dscale=0.001')[par=='vp'])
         #right=563
    Result(par,
           '''
           window f2=802 n2=6298 | put o1=0 |
           grey color=j barlabel=%s scalebar=y
           labelsz=4 titlesz=5 barreverse=y
           wanttitle=n allpos=%d bias=%g barunit=%s
           parallel2=n screenht=4 screenratio=0.3
           ''' % (par.capitalize(),
                  par != 'theta',
                  (0,1.5)[par=='vp'],
                  ('','km/s')[par=='vp']))

Flow('vx','vp epsilon',
     '''
     math e=${SOURCES[1]} output="input*sqrt(1+2*e)"
     ''')
#Flow('eta','epsilon delta',
#     '''
#     math e=${SOURCES[0]} d=${SOURCES[1]} output="(e-d)/(1+2*d)"
#     ''')
Flow('eta','epsilon delta',
        '''
        math d=${SOURCES[1]} output="((1.+2.*input)/(1.+2.*d)-1.)/2."
        ''')
for par in ('vx','eta'):
    Result(par,
           '''
           window f2=802 n2=6298 | put o1=0 |
           grey color=j barlabel=%s scalebar=y
           labelsz=4 titlesz=5 barreverse=y
           wanttitle=n allpos=%d bias=%g barunit=%s
           parallel2=n screenht=4 screenratio=0.3
           ''' % (par.capitalize(),
                  par != 'theta',
                  (0,1.5)[par=='vx'],
                  ('','km/s')[par=='vx']))

Flow('theta0','theta','smooth rect1=20 rect2=30')

# Source
par = {
    # model pars
    'nx' :  7861,    # velocity model length 
    'nz' :  606,     # velocity model depth
    'nt' :  2301,    # record time length
    'dx' :  0.0125,  # sampling in x
    'dz' :  0.01875, # sampling in z
    'dt' :  0.004,   # sampling in time
    'labelx': "Distance",
    'labelz': "Depth",
    'unitx' : "km",
    'unitz' : "km",
    'ns'    : 1641, # number of shots
    'sintv' : 4,    # shot interval on mesh
    'spz'   : 0,    # shot depth on mesh
    'gpz'   : 0,    # receiver depth on mesh
    'gpl'   : 800,  # receiver length of single shot
    'snpint': 1,    # snapshot interval
    # abc parameters 
    'nb'    : 50,  # padding length
    'cb'    : 2.0, # decay strength (default is 1)
    #source
    'srcbgn'  : 0.048, # source begin time
    'kt'      : 16, # 48/4
    'frq'     : 19.3,  # peak frequency of ricker wavelet (in Hz)
}

Flow('csource',None,
		'''
		spike n1=%(nt)d d1=%(dt)g k1=%(kt)d |
		imagsrc frequency=%(frq)g |
		scale rscale=100 | 
                rtoc
		''' %par)
Result('csource','real |graph max1=1. label2=Amplitude label1=Time title=')

# Acquisition geometry
Flow('geo',None,'acqgeo nz=606 nx=7861 ny=1 sou_z=5 sou_ox=802 sou_oy=0 sou_jx=4 sou_jy=1 sou_nx=1641 sou_ny=1 rec_z=5 rec_nx=800 rec_ny=1 npad=501 noff=3 roll=1')

# Create folders to tempory files
os.system('[ -e ./shotdir ] && echo "shotdir exists" || mkdir shotdir')
os.system('[ -e ./wfldir  ] && echo "wfldir exists"  || mkdir wfldir ')
os.system('[ -e ./imgdir  ] && echo "imgdir exists"  || mkdir imgdir ')

# Data
Flow('data','shot',
        '''
        remap1 d1=0.004 n1=2301 |
        mutter v0=1.5 t0=0.15 half=n
        ''')

datdir = './shotdir/'
for i in range(1641):
    dat = datdir+'shot-%d.rsf' %i
    Flow(dat,'data',
            '''
            window n3=1 f3=%d |
            put o2=%g o3=0 d3=1
            ''' %(i,i*0.05-10.025))

# Forward modeling (not needed)
#Flow('test','csource geo vx vp eta theta0',
#     '''
#     mpicfftrtm
#     wav=$SOURCE geo=${SOURCES[1]}
#     velx=${SOURCES[2]} velz=${SOURCES[3]} eta=${SOURCES[4]} theta=${SOURCES[5]} 
#     media=1
#     seed=2013 npk=50 eps=1e-4 jump=2
#     verb=y 
#     dabc=y nb=%(nb)d cb=%(cb)g
#     nbell=2
#     dat_dir=shotdir2 wfl_dir=wfldir2
#     snap=y jsnap=10
#     sht_set=1000 sht_num=1
#     ''' %par,stdin=0,stdout=0,np=8)

# Reverse-time migration (please uncomment the following command)

# sfmpicfftrtm requires revolve.c (not provided with Madagascar because of licensing concerns)
# When installing revolve.c in user/jsun, modify checkup and repsup
# #define checkup 1024
# #define repsup 1024

Flow('bptti-img','csource geo vx vp eta theta0',
     '''
     mpicfftrtm migr=y
     wav=$SOURCE geo=${SOURCES[1]}
     velx=${SOURCES[2]} velz=${SOURCES[3]} eta=${SOURCES[4]} theta=${SOURCES[5]} 
     image=$TARGET
     media=1
     seed=2013 npk=50 eps=1e-4 jump=2
     verb=y 
     dabc=y nb=%(nb)d cb=%(cb)g
     nbell=2
     dat_dir=shotdir wfl_dir=wfldir
     img_dir=imgdir
     snap=y jsnap=500
     revolve_snaps=500 info=1
     ''' %par,stdin=0,stdout=0,np=8)

Result('bptti-img',
       '''
       window f1=5 f2=802 n2=6298 | put o1=0 |
       sflaplac | pow pow1=1.5 |
       grey labelsz=4 titlesz=5 wanttitle=n screenht=4 screenratio=0.3
       ''')

Result('zoom1','bptti-img',
       '''
       window f2=802 n2=6298 | put o1=0 |
       sflaplac | pow pow1=1.5 |
       window min1=1.5 max1=7 min2=29 max2=55 |
       grey labelsz=4 titlesz=5 wanttitle=n screenht=4 screenratio=0.22
       ''')

Result('zoom2','bptti-img',
       '''
       window f2=802 n2=6298 | put o1=0 |
       sflaplac | pow pow1=1.5 |
       window min1=4.0 max1=8.0 min2=60 max2=78 |
       grey labelsz=4 titlesz=5 wanttitle=n screenht=4 screenratio=0.22
       ''')

End()



from rsf.proj import *

# Download from http://www.freeusp.org/2007_BP_Ani_Vel_Benchmark/
tgz = 'ModelParams.tar.gz'

Fetch(tgz,'BP',top=os.environ.get('DATAPATH'),server='local')

pars = Split('epsilon delta vp theta')

sgy = {}
for par in pars:
    sgy[par] = os.path.join('ModelParams',par.capitalize() + '_Model.sgy')

Flow(sgy.values(),tgz,'zcat $SOURCE | tar -xvf -',stdin=0,stdout=-1)

units = {
        'epsilon':'',
        'delta':'',
        'vp':'km/s',
        'theta':'degrees'
}
for par in pars:
    Flow([par,par+'.asc',par+'.bin'],sgy[par],
         '''
         segyread hfile=${TARGETS[1]} bfile=${TARGETS[2]} read=d |
         put
         o2=0 d2=0.00625 label2=Distance unit2=km
         o1=0 d1=0.00625 label1=Depth unit1=km %s |
         transp plane=12
         ''' % ('','| scale dscale=0.001')[par=='vp'])

    Result(par,
           '''
           window j1=8 j2=2 |
           grey color=j barlabel=%s scalebar=y
           screenwd=12.595 screenht=1.8
           labelsz=4 titlesz=5 barreverse=y
           wanttitle=n allpos=%d bias=%g barunit=%s
           parallel2=n transp=n
           ''' % (par.capitalize(),
                  par != 'theta',
                  (0,1.5)[par=='vp'],
                  units[par]))


# Assume vs is half vp
Flow('vs','vp',
     '''
     math output="0.3*input"
     ''')
#Flow('depth','vp','window n2=1 | math output="(x1/78.7188)/4 + 1/4"')
#Flow('scale','depth','spray n=1801 d=0.00625 o=0')
#Flow('vs','vp scale',
#     '''
#     math s=${SOURCES[1]} output="input*s"
#     ''')
Flow('vx','vp epsilon',
     '''
     math e=${SOURCES[1]} output="input*sqrt(1+2*e)"
     ''')
Flow('eta','epsilon delta',
     '''
     math e=${SOURCES[0]} d=${SOURCES[1]} output="(e-d)/(1+2*d)"
     ''')
for par in ('vx','eta'):
    Result(par,
           '''
           window j1=8 j2=2 |
           grey color=j barlabel=%s scalebar=y
           screenwd=12.595 screenht=1.8
           labelsz=4 titlesz=6 barreverse=y
           wanttitle=y allpos=%d bias=%g barunit=%s
           parallel2=n transp=n title=%s
           ''' % (par.capitalize(),
                  par != 'theta',
                  (0,1.5)[par=='vx'],
                  ('','km/s')[par=='vx'],
                  par.capitalize()))

# Parameter define
name = {'vp':'V\_z\^','vx':'V\_x\^','eta':'\F10 h\F3 ','theta':'\F10 q\F3 ','theta0':'\F10 q\F3 ','vs':'V\_s\^','q1':'q\_1\^','q3':'q\_3\^'}
cname = {'c11':'c\_11\^','c13':'c\_13\^','c33':'c\_33\^','c55':'c\_55\^'}

Flow('theta0','theta','smooth rect1=100 rect2=100')

for par in ('vp','vx','eta','theta','theta0','vs'):
    Flow(par+'end2',par,'window j1=8 j2=4 | window  n1=512 min1=34.5 n2=450 | transp | expand top=100 bottom=100 left=50 right=50 | put o1=-2.5 o2=32')
    Result(par+'end2',
           '''
           window n2=512 min2=34.5 n1=450 min1=0 |
           grey color=j barlabel="%s" scalebar=y
           screenwd=10.24 screenht=4.5
           labelsz=4 titlesz=5 barreverse=y
           wanttitle=n allpos=%d bias=%g barunit=%s
           title=%s
           ''' % (name[par],
                  par != 'theta' and par != 'theta0',
                  (0,1.5)[par=='vp' or par=='vx'],
                  ('','km/s')[par=='vp' or par=='vx'],
                  par.capitalize()))

# Calculate and plot q1 and q3
Flow('c33','vpend2','''math output='input*input' ''')
Flow('c11','vxend2','''math output='input*input' ''')
Flow('c55','vsend2','''math output='input*input' ''')
Flow('c13','etaend2 c11 c33 c55','''
    math c11=${SOURCES[1]} c33=${SOURCES[2]} c55=${SOURCES[3]} 
    output='sqrt((c11*(c33-c55))/(1+2*input))-c55' 
    ''')
for par in ('c11','c13','c33','c55'):
    fig = 'n'+par
    Result(fig,par,
           '''
           window n2=512 min2=34.5 n1=450 min1=0 |
           grey color=j barlabel="%s" scalebar=y
           screenwd=10.24 screenht=4.5
           labelsz=4 titlesz=5 barreverse=y
           wanttitle=n allpos=y bias=%g barunit="%s"
           title=%s
           ''' % (cname[par],
                  0,
                  'km\^2/\_s\^2',
                  par.capitalize()))
Flow('q1','c11 c13 c33 c55',''' 
    math c13=${SOURCES[1]} c33=${SOURCES[2]} c55=${SOURCES[3]}
    output='(c55*(input-c55)+(c55+c13)*(c55+c13))/(c33*(input-c55))'
    ''')
Flow('q3','c11 c13 c33 c55',''' 
    math c13=${SOURCES[1]} c33=${SOURCES[2]} c55=${SOURCES[3]}
    output='(c55*(c33-c55)+(c55+c13)*(c55+c13))/(input*(c33-c55))'
    ''')
for par in ('q1','q3'):
    Result(par,
           '''
           grey color=j barlabel="%s" scalebar=y
           screenwd=10.24 screenht=4.5
           labelsz=4 titlesz=5 barreverse=y
           wanttitle=n allpos=n bias=1.15
	   ''' % (name[par]))

Flow('refl','vpend2','spike k1=107 k2=306 | smooth rect1=2 rect2=2 repeat=2 ')

Flow('fft','vpend2','rtoc | fft3 axis=1 pad=1 | fft3 axis=2 pad=1')

#modeling
nt0=1801
dtt=0.0005
sponge=50
sponge1=100
par=0.015
par1=0.01

for m in [4,10,20,30,40]:
    right = 'right_%d' %m
    left  = 'left_%d' %m
    source1 = 'source1_%d' %m
    real = 'real_%d' %m
    imag = 'imag_%d' %m
    csource1 = 'csource1_%d' %m
    csource = 'csource_%d' %m
    wave = 'wave_%d' %m
    wavesnaps = 'wavesnaps-%d' %m

    nt = (nt0-1)*4/m + 1
    dt=0.001*m
    factor=dt/dtt
    ntt=(nt-1)*factor+1
    ktt=0.12/dtt

    Flow(source1,None,
         '''
         spike n1=%d d1=%g k1=%d |
         ricker1 frequency=16
         '''%(ntt,dtt,ktt))
    Flow(real,source1,'math "output=0"')
    Flow(imag,source1,'envelope hilb=y order=500 | halfint | halfint | math output="input/2" ')

    Flow(csource1,[real,imag],'cmplx ${SOURCES[1]}')
    Flow(csource,csource1,'window j1=%d'% factor)
    Flow([right,left],'vpend2 vxend2 etaend2 theta0end2 fft vsend2',
         '''
         zanisolr2 seed=2010 dt=%g velx=${SOURCES[1]} eta=${SOURCES[2]} theta=${SOURCES[3]} fft=${SOURCES[4]} vels=${SOURCES[5]} left=${TARGETS[1]} 
         npk=100 eps=1e-4 nbt=%d nbb=%d nbl=%d nbr=%d ct=%g cb=%g cl=%g cr=%g os=y sub=n mode=0 abc=1 approx=0
         ''' % (dt,sponge1,sponge1,sponge,sponge,par,par1,par,par) )
    Flow(wave,[csource,'refl',left,right],
         '''
         cfftwave2taper ref=${SOURCES[1]} left=${SOURCES[2]} right=${SOURCES[3]} pad1=1 verb=y cmplx=n taper=4 snap=1 snaps=$TARGET
         ''',stdout=0)

    Flow(wavesnaps,wave,'window j3=%d min3=0.62 max3=6.2 | stack axis=3'%(340*4/m))
    Result(wavesnaps,
           '''
           window n1=450 min1=0 n2=512 min2=34.5 |
           grey title="Wavefield Snapshots" wanttitle=n
           label1=Depth unit1=km label2=Distance unit2=km
           min2=38 max2=56 screenwd=14.5 screenht=8.2
           labelfat=4 labelsz=8
           ''' )

End()
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(a) (b)

(c) (d)

Figure 13: Wavefield snapshots taken at different times showing S-wave propagation through
the 2007 BP TTI model. The four wavefield snapshots calculated using different time step
sizes are almost identical: (a) ∆t = 2 ms; (b) ∆t = 4 ms; (c) ∆t = 10 ms; (d) ∆t = 20 ms.


from rsf.proj import *

# Download from http://www.freeusp.org/2007_BP_Ani_Vel_Benchmark/
tgz = '../ModelParams.tar.gz'

Fetch(tgz,'BP',top=os.environ.get('DATAPATH'),server='local')

pars = Split('epsilon delta vp theta')

sgy = {}
for par in pars:
    sgy[par] = os.path.join('ModelParams',par.capitalize() + '_Model.sgy')

Flow(sgy.values(),tgz,'zcat $SOURCE | tar -xvf -',stdin=0,stdout=-1)

units = {
        'epsilon':'',
        'delta':'',
        'vp':'km/s',
        'theta':'degrees'
}
for par in pars:
    Flow([par,par+'.asc',par+'.bin'],sgy[par],
         '''
         segyread hfile=${TARGETS[1]} bfile=${TARGETS[2]} read=d |
         put
         o2=0 d2=0.00625 label2=Distance unit2=km
         o1=0 d1=0.00625 label1=Depth unit1=km %s |
         transp plane=12
         ''' % ('','| scale dscale=0.001')[par=='vp'])

    Result(par,
           '''
           window j1=8 j2=2 |
           grey color=j barlabel=%s scalebar=y
           screenwd=12.595 screenht=1.8
           labelsz=4 titlesz=5 barreverse=y
           wanttitle=n allpos=%d bias=%g barunit=%s
           parallel2=n transp=n
           ''' % (par.capitalize(),
                  par != 'theta',
                  (0,1.5)[par=='vp'],
                  units[par]))


# Assume vs is half vp
Flow('vs','vp',
     '''
     math output="0.3*input"
     ''')
#Flow('depth','vp','window n2=1 | math output="(x1/78.7188)/4 + 1/4"')
#Flow('scale','depth','spray n=1801 d=0.00625 o=0')
#Flow('vs','vp scale',
#     '''
#     math s=${SOURCES[1]} output="input*s"
#     ''')
Flow('vx','vp epsilon',
     '''
     math e=${SOURCES[1]} output="input*sqrt(1+2*e)"
     ''')
Flow('eta','epsilon delta',
     '''
     math e=${SOURCES[0]} d=${SOURCES[1]} output="(e-d)/(1+2*d)"
     ''')
for par in ('vx','eta'):
    Result(par,
           '''
           window j1=8 j2=2 |
           grey color=j barlabel=%s scalebar=y
           screenwd=12.595 screenht=1.8
           labelsz=4 titlesz=6 barreverse=y
           wanttitle=y allpos=%d bias=%g barunit=%s
           parallel2=n transp=n title=%s
           ''' % (par.capitalize(),
                  par != 'theta',
                  (0,1.5)[par=='vx'],
                  ('','km/s')[par=='vx'],
                  par.capitalize()))

# Parameter define
name = {'vp':'V\_z\^','vx':'V\_x\^','eta':'\F10 h\F3 ','theta':'\F10 q\F3 ','theta0':'\F10 q\F3 ','vs':'V\_s\^','q1':'q\_1\^','q3':'q\_3\^'}
cname = {'c11':'c\_11\^','c13':'c\_13\^','c33':'c\_33\^','c55':'c\_55\^'}

Flow('theta0','theta','smooth rect1=100 rect2=100')

for par in ('vp','vx','eta','theta','theta0','vs'):
    Flow(par+'end2',par,'window j1=8 j2=4 | window  n1=512 min1=34.5 n2=450 | transp | expand top=100 bottom=100 left=50 right=50 | put o1=-2.5 o2=32')
    Result(par+'end2',
           '''
           window n2=512 min2=34.5 n1=450 min1=0 |
           grey color=j barlabel="%s" scalebar=y
           screenwd=10.24 screenht=4.5
           labelsz=4 titlesz=5 barreverse=y
           wanttitle=n allpos=%d bias=%g barunit=%s
           title=%s
           ''' % (name[par],
                  par != 'theta' and par != 'theta0',
                  (0,1.5)[par=='vp' or par=='vx'],
                  ('','km/s')[par=='vp' or par=='vx'],
                  par.capitalize()))

# Calculate and plot q1 and q3
Flow('c33','vpend2','''math output='input*input' ''')
Flow('c11','vxend2','''math output='input*input' ''')
Flow('c55','vsend2','''math output='input*input' ''')
Flow('c13','etaend2 c11 c33 c55','''
    math c11=${SOURCES[1]} c33=${SOURCES[2]} c55=${SOURCES[3]} 
    output='sqrt((c11*(c33-c55))/(1+2*input))-c55' 
    ''')
for par in ('c11','c13','c33','c55'):
    fig = 'n'+par
    Result(fig,par,
           '''
           window n2=512 min2=34.5 n1=450 min1=0 |
           grey color=j barlabel="%s" scalebar=y
           screenwd=10.24 screenht=4.5
           labelsz=4 titlesz=5 barreverse=y
           wanttitle=n allpos=y bias=%g barunit="%s"
           title=%s
           ''' % (cname[par],
                  0,
                  'km\^2/\_s\^2',
                  par.capitalize()))
Flow('q1','c11 c13 c33 c55',''' 
    math c13=${SOURCES[1]} c33=${SOURCES[2]} c55=${SOURCES[3]}
    output='(c55*(input-c55)+(c55+c13)*(c55+c13))/(c33*(input-c55))'
    ''')
Flow('q3','c11 c13 c33 c55',''' 
    math c13=${SOURCES[1]} c33=${SOURCES[2]} c55=${SOURCES[3]}
    output='(c55*(c33-c55)+(c55+c13)*(c55+c13))/(input*(c33-c55))'
    ''')
for par in ('q1','q3'):
    Result(par,
           '''
           grey color=j barlabel="%s" scalebar=y
           screenwd=10.24 screenht=4.5
           labelsz=4 titlesz=5 barreverse=y
           wanttitle=n allpos=n bias=1.15
	   ''' % (name[par]))

Flow('refl','vpend2','spike k1=107 k2=306 | smooth rect1=2 rect2=2 repeat=2 ')

Flow('fft','vpend2','rtoc | fft3 axis=1 pad=1 | fft3 axis=2 pad=1')

#modeling
nt0=5001
dtt=0.0005
sponge=50
sponge1=100
par=0.015
par1=0.01

for m in [2,4,10,20,30,40]:
    right = 'right_%d' %m
    left  = 'left_%d' %m
    source1 = 'source1_%d' %m
    real = 'real_%d' %m
    imag = 'imag_%d' %m
    csource1 = 'csource1_%d' %m
    csource = 'csource_%d' %m
    wave = 'wave_%d' %m
    wavesnaps = 'wavesnaps-%d' %m
    swavesnaps = 'swavesnaps-%d' %m

    nt = (nt0-1)*4/m + 1
    dt=0.001*m
    factor=dt/dtt
    ntt=(nt-1)*factor+1
    ktt=0.12/dtt

    Flow(source1,None,
         '''
         spike n1=%d d1=%g k1=%d |
         ricker1 frequency=16
         '''%(ntt,dtt,ktt))
    Flow(real,source1,'math "output=0"')
    Flow(imag,source1,'envelope hilb=y order=500 | halfint | halfint | math output="input/2" ')

    Flow(csource1,[real,imag],'cmplx ${SOURCES[1]}')
    Flow(csource,csource1,'window j1=%d'% factor)
    Flow([right,left],'vpend2 vxend2 etaend2 theta0end2 fft vsend2',
         '''
         zanisolr2 seed=2010 dt=%g velx=${SOURCES[1]} eta=${SOURCES[2]} theta=${SOURCES[3]} fft=${SOURCES[4]} vels=${SOURCES[5]} left=${TARGETS[1]} 
         npk=100 eps=1e-4 nbt=%d nbb=%d nbl=%d nbr=%d ct=%g cb=%g cl=%g cr=%g os=y sub=n mode=1 abc=1 approx=0
         ''' % (dt,sponge1,sponge1,sponge,sponge,par,par1,par,par) )
    Flow(wave,[csource,'refl',left,right],
         '''
         cfftwave2taper ref=${SOURCES[1]} left=${SOURCES[2]} right=${SOURCES[3]} pad1=1 verb=y cmplx=n taper=4 snap=1 snaps=$TARGET
         ''',stdout=0)

    Flow(wavesnaps,wave,'window j3=%d min3=2.0 | stack axis=3'%(1100*4/m))
    Result(swavesnaps,wavesnaps,
           '''
           window n1=450 min1=0 n2=512 min2=34.5 |
           grey title="Wavefield Snapshots" wanttitle=n
           label1=Depth unit1=km label2=Distance unit2=km
           min2=38 max2=56 screenwd=14.5 screenht=8.2
           labelfat=4 labelsz=8
           ''' )

End()




Sun et al. 19 Lowrank one-step extrapolation

has a horizontal spacing of 50 m and a vertical spacing of 25 m. As shown in Figure 11,
the model exhibits a strong tilted transverse isotropy (TTI). We restrict the modeled area
between 34 km and 60 km. Since the original model does not include S-wave velocity, we
compute a vertical S-wave velocity profile simply as 0.3 times the original vertical P-wave
velocity.

To calculate the qP- and qSV-wave phase velocities, we employ the exact formulas
defined by Gassmann (1964):

V 2
P (n,x)|k|2 =

1
2

[
(c11 + c55) k̂x + (c33 + c55) k̂z

]
+

1
2

√[
(c11 − c55) k̂x − (c33 − c55) k̂z

]2
+ 4 (c13 + c55)2 k̂x k̂z ; (31)

V 2
SV (n,x)|k|2 =

1
2

[
(c11 + c55) k̂x + (c33 + c55) k̂z

]
−

1
2

√[
(c11 − c55) k̂x − (c33 − c55) k̂z

]2
+ 4 (c13 + c55)2 k̂x k̂z , (32)

where c11, c13, c33 and c55 are the density-normalized components of the elastic tensor, k is
the wavenumber vector, k̂x and k̂z are the wavenumbers evaluated in the rotated coordinate
aligned with the symmetry axis:

k̂x = kx cos θ + kz sin θ ,
k̂z = kz cos θ − kx sin θ ,

(33)

where θ is the tilt angle measured with respect to the horizontal direction. Alternatively, the
qP-wave phase velocity can be calculated using accurate approximate formulas (Alkhalifah,
1998, 2000; Fomel, 2004; Sripanich and Fomel, 2015).

To mimic an unbounded medium, we apply the absorbing boundary condition in equa-
tion 26. First, a time step size of 4 ms for qP-wave and 2 ms for qSV-wave is used. A
Ricker wavelet source with a peak frequency of 16 Hz is located at X = 47.3 km and
Z = 0.175 km. Figures 12a and 13a illustrates wavefield snapshots taken at different times
overlaid on top of each other. Because of the accumulative effect of the large time step,
model complexity and extra anisotropy introduced by the absorbing boundary conditions,
the lowrank approximation took N = 19 for qP-wave and N = 15 for qSV-wave for an
accuracy threshold of ε = 10−4.

To test the effect of using large ∆t for wave propagation, we choose a series of increasing
∆t while enforcing the same accuracy requirement (ε = 10−4). The qP-wave wavefields
(Figure 12) generated using ∆t = 4 ms, 10 ms, 20 ms and 30 ms are almost identical.
Similarly, the qSV-wave wavefields (Figure 13) generated using ∆t = 2 ms, 4 ms, 10 ms
and 20 ms have very little difference. This shows that the stability and accuracy of wave
extrapolation is not compromised by using very large time steps, even beyond the Nyquist
limit of 10 ms.

To investigate the effects of time step size (∆t) and accuracy level (ε) of lowrank ap-
proximation on the computational cost, which is directly controlled by the rank of the
approximation, we conduct a series of experiments using different values of ∆t and ε for
qP-wave propagation. No absorbing boundary condition is applied in this test. Table 1
lists rank N required by different time step sizes to achieve different accuracy levels. We
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can observe that the lowrank algorithm requires a higher rank to maintain the same level
of accuracy when the time step size increases. On the other hand, with the same time step
size, a higher rank may be needed to achieve a higher accuracy. In practice, we find that
ε = 10−4 is small enough to guarantee accurate wave kinematics. Since making a larger
step in time requires a smaller number of steps, the optimal time step size ∆t can be se-
lected to be the one that minimizes the total number of Fast Fourier Transforms (FFTs)
required to accomplish the modeling or imaging task at hand. In practice, we found that
this minimization problem usually has a straightforward solution: the larger ∆t is, the less
computation is required. Therefore, the optimal solution will be the largest ∆t that satisfies
other constraints, such as the imaging condition when performing RTM.

PPPPPPPPPε
∆t(ms)

0.5 1 2 4 8 16 32 64

10−3 4 7 7 10 14 19 33 53
10−4 7 9 13 15 22 30 46 76
10−5 11 14 18 23 30 43 59 84

Table 1: Rank N calculated from the lowrank approximation of the propagation matrix
for qP-wave propagation in the BP 2007 TTI model using different time step sizes ∆t and
accuracy levels ε.

Wave propagation in 3D orthorhombic media

To demonstrate 3D wave propagation in tilted orthorhombic media, we use the classic
model from Schoenberg and Helbig (1997), which characterizes a TI medium with vertical
fractures. The density-normalized orthorhombic stiffness matrix is (Schoenberg and Helbig,
1997): 

9 3.6 2.25 0 0 0
3.6 9.84 2.4 0 0 0
2.25 2.4 5.9375 0 0 0

0 0 0 2 0 0
0 0 0 0 1.6 0
0 0 0 0 0 2.182

 (34)

To introduce spatial heterogeneity, we apply a moderate perturbation to the stiffness co-
efficients that is a function of x, as demonstrated by Figure 14 for the case of C11. The
model is further rotated 45 ◦ counterclockwise about the Z axis (azimuth angle) and 45 ◦

counterclockwise about the X axis (dip angle).

We employ the exact phase velocity in orthorhombic media (Tsvankin, 1997):

V 2(x,k)|k|2 = 2

√
a2/3− b

3
cos
(
υ

3
+ n

2π
3

)
− a

3
, (35)
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Figure 14: The perturbed C11 coefficient in the orthorhombic test. All other stiffness
coefficients are perturbed in a similar manner.


from rsf.proj import *

q=1.6

"""
# Greenhorn shale TTI
c11=14.470000
c13=4.510000
c33=9.570000
c55=2.280000
c66=3.000000
c12=c11-2*c66
c22=c11
c23=c13
c44=c55
"""

# Shoenberg and Hilbig
c11=9.0
c12=3.6
c13=2.25
c22=9.84
c23=2.4
c33=5.9375
c44=2.0
c55=1.6
c66=2.182

dim=256

dtt=0.0005
nt=501
dt=0.002
factor=dt/dtt

Flow('source1',None,
     '''
     spike n1=%d d1=%g k1=200 | 
     ricker1 frequency=15 
     '''%(nt*factor,dtt))
Flow('real','source1','math "output=0"')
Flow('imag','source1','envelope hilb=y | halfint | halfint | math output="input/2" ')

Flow('csource1','real imag','cmplx ${SOURCES[1]}')
Flow('csource','csource1','window j1=%d'% factor)
Flow('source','source1','window j1=%d'% factor)
Result('source','graph  title="Source Wavelet" ')

# (x2-1.5)*(x2-1.5)+(x3-1)*(x3-1)+(x1)*(x1)
Flow('c11',None,
     '''
     spike n1=%d n2=%d n3=%d d1=0.025 d2=0.025 d3=0.025 o1=0 o2=0 o3=0 unit1=km unit2=km unit3=km |
     math output="%g + 0.06*( (x2-3.2)*(x2-3.2)+(x3-3.2)*(x3-3.2)+(x1-2.0)*(x1-2.0) )*%g"
     '''%(dim,dim,dim,c11,q) )
Result('c11',
       '''
       byte bias=%g bar=bar1.rsf barreverse=y |
       grey3 transp=y pclip=100 color=j allpos=y
       label1="Z" label2="X" label3="Y" scalebar=y poly=n
       frame1=%d frame2=%d frame3=%d flat=y screenratio=1
       unit1=km unit2=km unit3=km title="C11" 
       point1=0.5 point2=0.5
       '''%(c11+1.5,dim/2,dim/2,dim/2) )
Flow('c12','c11',
     '''
     math output="%g + 0.02*( (x2-3.2)*(x2-3.2)+(x3-3.2)*(x3-3.2)+(x1-2.0)*(x1-2.0) )*%g"
     '''%(c12,q))
Flow('c13','c11',
     '''
     math output="%g + 0.015*( (x2-3.2)*(x2-3.2)+(x3-3.2)*(x3-3.2)+(x1-2.0)*(x1-2.0) )*%g"
     '''%(c13,q) )
Flow('c22','c11',
     '''
     math output="%g + 0.06*( (x2-3.2)*(x2-3.2)+(x3-3.2)*(x3-3.2)+(x1-2.0)*(x1-2.0) )*%g"
     '''%(c22,q) )
Flow('c23','c11',
     '''
     math output="%g + 0.017*( (x2-3.2)*(x2-3.2)+(x3-3.2)*(x3-3.2)+(x1-2.0)*(x1-2.0) )*%g"
     '''%(c23,q) )
Flow('c33','c11',
     '''
     math output="%g + 0.04*( (x2-3.2)*(x2-3.2)+(x3-3.2)*(x3-3.2)+(x1-2.0)*(x1-2.0) )*%g"
     '''%(c33,q) )
Flow('vc1','c33',
     '''
     math output="sqrt(input)"
     ''')
Flow('c44','c11',
     '''
     math output="%g + 0.012*( (x2-3.2)*(x2-3.2)+(x3-3.2)*(x3-3.2)+(x1-2.0)*(x1-2.0) )*%g"
     '''%(c44,q) )
Flow('c55','c11',
     '''
     math output="%g + 0.01*( (x2-3.2)*(x2-3.2)+(x3-3.2)*(x3-3.2)+(x1-2.0)*(x1-2.0) )*%g"
     '''%(c55,q) )
Flow('c66','c11',
     '''
     math output="%g + 0.018*( (x2-3.2)*(x2-3.2)+(x3-3.2)*(x3-3.2)+(x1-2.0)*(x1-2.0) )*%g"
     '''%(c66,q) )
Flow('refl','c11',
     '''
     spike k1=%d k2=%d k3=%d |
     smooth rect1=2 rect2=2 rect3=3 repeat=3
     ''' %(dim/2,dim/2,dim/2) )
Flow('seta1','c11','math output=45')
Flow('seta2','c11','math output=45')

# Lowrank decomposition
Flow('fftc','vc1','rtoc | fft3 axis=1 pad=1 | fft3 axis=2 pad=1 | fft3 axis=3 pad=1')

for m in [0,1,2]:

    right = 'right-%d'  % m
    left = 'left-%d'  % m
    wavec = 'wavec-%d' % m
    snapsc = 'snapsc-%d' % m

    Flow([right,left],'c11 fftc c12 c13 c22 c23 c33 c44 c55 c66 seta1 seta2',
         '''
         zortholr3 seed=2010 npk=30 eps=0.0001 dt=%g mode=%d tilt=y
         fft=${SOURCES[1]} c12=${SOURCES[2]} c13=${SOURCES[3]} 
         c22=${SOURCES[4]} c23=${SOURCES[5]} c33=${SOURCES[6]} 
         c44=${SOURCES[7]} c55=${SOURCES[8]} c66=${SOURCES[9]}
         seta1=${SOURCES[10]} seta2=${SOURCES[11]}
         left=${TARGETS[1]}
         ''' % (dt,m))
    
    Flow([wavec,snapsc],['csource','refl',left,right],
         '''
         cfftwave3 ref=${SOURCES[1]} left=${SOURCES[2]} right=${SOURCES[3]} verb=y
         snap=5 snaps=${TARGETS[1]}
         ''')
    
    Result(wavec,
           '''
           byte gainpanel=all |
           grey3 frame1=%d frame2=%d frame3=%d point1=0.5 point2=0.5
           wanttitle=n label1=Z label2=X label3=Y flat=y screenratio=1
           ''' %(dim/2,dim/2,dim/2) )

Flow('wavecs','wavec-1 wavec-2','sfadd ${SOURCES[1]}')
Result('wavecs',
       '''
       byte gainpanel=all |
       grey3 frame1=%d frame2=%d frame3=%d point1=0.5 point2=0.5
       wanttitle=n label1=Z label2=X label3=Y flat=y screenratio=1
       ''' %(dim/2,dim/2,dim/2) )

End()
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(a)

(b)

Figure 15: Wavefield snapshot of wave propagation in orthorhombic media taken at t = 1s:
(a) qP-wave, (b) Coupled qS-waves.
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where n = 0 corresponds to the P wave and n = 1, 2 corresponds to the shear waves, and

υ = arccos

(
−2(a/3)3 − ab/3 + c

2
√

((a2/3− b)/3)3

)
(0 ≤ υ ≤ π) , (36)

a = −(G11 +G22 +G33) , (37)
b = G11G22 +G11G33 +G22G33 −G2

12 −G2
13 −G2

23 , (38)
c = G11G

2
23 +G22G

2
13 +G33G

2
12 −G11G22G33 − 2G12G13G23 , (39)

G11 = c11k̂
2
x + c66k̂

2
y + c55k̂

2
z , (40)

G22 = c66k̂
2
x + c22k̂

2
y + c44k̂

2
z , (41)

G33 = c55k̂
2
x + c44k̂

2
y + c33k̂

2
z , (42)

G12 = (c12 + c66)k̂xk̂y , (43)

G13 = (c13 + c55)k̂xk̂z , (44)
G23 = (c23 + c44)k̂yk̂z . (45)

To incorporate tilting into the orthorhombic anisotropy, we replace the original wavenum-
ber components kx, ky and kz with k̂x, k̂y, and k̂z, which are wavenumbers evaluated in the
rotated coordinate system aligned with the symmetry axis:

k̂x = kx cosφ+ ky sinφ ,
k̂y = −kx sinφ cos θ + ky cosφ cos θ + kz sin θ ,
k̂z = kx sinφ sin θ − ky cosφ sin θ + kz cos θ ,

(46)

where φ is the azimuth angle representing horizontal rotation (the angle between the original
X axis and the rotated one) and θ is the dip angle measured from vertical. Figure 15
demonstrates the wavefield snapshots taken at t = 1 s for three wave modes: quasi-P-wave
and the coupled quasi-S-waves. Note that the quasi-S-waves are propagated separately
using solutions from equation 35 and then summed together, since the two modes do not
decouple easily in an orthorhombic medium.

RTM of BP 2007 TTI Data Set

Finally, we test lowrank one-step RTM using BP 2007 anisotropic benchmark dataset (Fig-
ure 11). The grid spacing is 18.75 m in the horizontal direction and 12.5 m in the vertical
direction. The time step size is selected to be 4 ms. We employ the acoustic approxima-
tion (Alkhalifah, 1998, 2000; Fomel, 2004) to calculate the qP-wave phase velocity. The
sedimentary layers, salt boundaries, anticline and fault surfaces are clearly imaged by the
lowrank one-step RTM method (Figure 16).

DISCUSSION

The modeling experiments using an isotropic two-layer model and a portion of BP 2007
TTI benchmark model show that the proposed operator is in practice remarkably stable
and accurate. When the velocity contrast is not very sharp, the lowrank one-step method is
capable of propagating waves free of dispersion artifacts using time steps even larger than



Sun et al. 24 Lowrank one-step extrapolation

Figure 16: RTM image obtained using BP 2007 anisotropic data set. Acoustic approxima-
tion in TI medium is used to perform wave extrapolation.
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the Nyquist sampling limit of the source wavelet. The maximum efficiency can be achieved
using the largest step size possible, which in RTM applications usually corresponds to the
time sampling of the imaging condition. In contrast, conventional approaches, such as high-
order finite-difference and pseudo-spectral methods, are confined to small step sizes due to
severe stability and accuracy constraints. This is especially true when S-wave extrapolation
is required by RTM, because the slow S-wave velocity at shallow depths imposes a strict
constraint on the time step size of conventional methods. Lowrank one-step wave extrapo-
lation has been recently applied to converted wave imaging by Casasanta et al. (2015) and
achieved accurate results.

Our numerical experiments confirm advantages of the lowrank one-step wave extrapola-
tion over the two-step scheme. By extrapolating an analytical wavefield with the imaginary
part related to the first derivative of the real-valued wavefield, the one-step scheme is ca-
pable of using a much larger time step size (Du et al., 2014). The complex phase function
used by the lowrank one-step method offers additional freedom in the design of the wave
extrapolation operator. In media with smoothly varying velocities, a large time step may
impair accuracy using the conventional formulation. By using a more accurate expression,
for example by admitting more terms from the Taylor expansion of the phase function,
the lowrank one-step wave extrapolation can achieve higher accuracy. The complex-valued
extrapolation operator also allows for an effective mixed-domain absorbing boundary condi-
tion, which dampens wave energy according to the phase direction and thus avoids artificial
reflections at large incident angles. The application of a complex phase function is not
limited to the proposed cases. Another possible extension is seismic modeling and imaging
in visco-acoustic media (Zhu and Harris, 2014), where the one-step extrapolator solves a
complex-valued, decoupled dispersion relation that incorporates attenuation effects (Sun
et al., 2014, 2015).

CONCLUSIONS

We have developed lowrank wave extrapolation using a one-step scheme. The one-step
lowrank method appears to be more stable than the two-step method, and exhibits superior
stability in numerical experiments. The capability of propagating waves using large time
steps can help saving costs when performing modeling, imaging or full waveform inversion
tasks. We propose two modifications to the complex phase function, which can be accurately
handled by the lowrank one-step approach. First, we show that, when the velocity-gradient
term is included in the approximation of the phase function, a higher accuracy can be
achieved. Next, we use a one-step scheme to incorporate a propagation-direction-dependent
absorbing boundary condition in the wave propagation operator, which reduces artificial
reflections at wide-incident angles. Numerical examples using simple models demonstrate
the improved accuracy and efficiency of the proposed method. In particular, we apply the
lowrank one-step operator to wave extrapolation in 2D TTI media and 3D orthorhombic
media, and obtain wavefields free of dispersion artifacts or residual shear-wave artifacts.
When lowrank one-step RTM is applied on the BP 2007 TTI benchmark data set, it produces
high-quality seismic images.
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APPENDIX A: PROOF OF THE STABILITY OF ONE-STEP WAVE
EXTRAPOLATION OPERATOR

In this appendix, we prove the unconditional stability of one-step wave extrapolation linear
operator u = Lf in one-dimensional isotropic media defined by:

u(x) =
∑
ξ∈z

e2πi(xξ+V (x)|ξ|t)f̂(ξ) for f(x) ∈ l2[0, 1] , (47)

where 2πξ = k, f(x) is assumed to have periodic boundary condition, and f̂(ξ) is the Fourier
transform of f(x) as defined by equation 3. We treat ξ as discrete and x as continuous for
the ease of derivation. Our argument can be viewed as a discrete version of the standard
stationary phase method in the study of pseudodifferential operators Grigis and Sjöstrand
(1994); Stein (1993). To show that the operator L is stable, a sufficient condition is that
‖L‖2→2 ≤ 1 + Ct, where C is a bounded constant. From equation 47, we observe that
operator L is the composition of two operators L = AF, where F is the inverse Fourier
transform and A is the operator defined by:

(Aω)(z) =
∑
ξ∈z

e2πi(xξ+V (x)|ξ|t)ω(ξ) for ω ∈ l2(z) . (48)

Let us consider AᵀA : l2 → l2 where A corresponds to a matrix with (x, ξ) entry given
by A(x, ξ) = e2πi(xξ+V (x)|ξ|t), and Aᵀ corresponds to a matrix with (η, x) entry given by
Aᵀ(η, x) = e−2πi(xη+V (x)|η|t). AᵀA represents a matrix with (η, ξ) entry given by:

AᵀA(η, ξ) =
∫
e2πi[x(ξ−η)+V (x)(|ξ|−|η|)t]dx . (49)

In order to bound the l2 → l2 norm of AᵀA we estimate the (η, ξ) entry of AᵀA. For
ξ = η, we have AᵀA(η, ξ) = 1. For ξ 6= η:

x(ξ − η) + V (x)(|ξ| − |η|)t = x(ξ − η) + V (x)α(ξ − η)t , (50)

with α = (|ξ| − |η|)/(ξ − η). Clearly, |α| ≤ 1. Then AᵀA can be expressed as

AᵀA(η, ξ) =
∫
e2πi(ξ−η)[x+V (x)αt]dx (51)
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For sufficiently small t, x+ V (x)αt satisfies

1
2
≤ ∇x [x+ V (x)αt] ≤ 3

2
. (52)

Equation 51 can be expressed as:

AᵀA(η, ξ) =
∫
e2πi(ξ−η)[x+V (x)αt] 1 + V ′(x)αt

1 + V ′(x)αt
dx (53)

=
∫

1
1 + V ′(x)αt

e2πi(ξ−η)[x+V (x)αt]d [x+ V (x)αt] .

Let us define y = x+ V (x)αt. From equation 52, it is clear that the map x↔ y is one
to one. Substituting y into equation 53 gives

AᵀA(η, ξ) =
∫

1
1 + V ′(x(y))αt

e2πi(ξ−η)ydy , (54)

which is the inverse Fourier transform of 1
1+V ′(x(y))αt . When t is small,

AᵀA(η, ξ) =
∫ [

1− V ′(x(y)αt+O(t2))
]
e2πi(ξ−η)ydy (55)

= −αt
∫
V ′(x(y))e2πi(ξ−η)ydy +O(t2) .

To evaluate the norm of the integration term in the last equation, we perform integration
by part for k-times and apply periodic boundary condition:∣∣∣∣∫ V ′(x(y))e2πi(ξ−η)ydy

∣∣∣∣ ≤ 1
(2π|ξ − η|)k

∫
e2πi(ξ−η)y

∣∣∣∂kyV ′(x(y))
∣∣∣ dy . (56)

Assuming sufficient smoothness on V (x), we have for ξ 6= η

|(AᵀA− I)(η, ξ)| ≤ Ct

|ξ − η|k
, (57)

for a constant C. To estimate the l2 → l2 norm of AᵀA, we make use of the following lemma
which can be derived from direct calculation.

Lemma 1. Suppose G : l2 → l2 with
∑
ξ

|G(ξ, η)| ≤ C and
∑
η
|G(ξ, η)| ≤ C, then G is a

bounded l2 → l2 operator.

We now apply the above lemma to AᵀA − I. When k ≥ d where d is the spatial
dimension, we have

∑
ξ 6=η

C
|ξ−η|k bounded. Therefore, for sufficiently smooth V , we have

‖AᵀA− I‖2→2 ≤ Ct, for suffciently small t. Hence ‖AᵀA‖2→2 ≤ 1 +Ct and ‖A‖2→2 ≤ 1 +
Ct. Since L = AF and F as the Fourier transform is an isometry, we have ‖L‖2→2 ≤ 1+Ct.

When performing wave extrapolation, fix a final time T and propagate T/dt steps, the
operator is stable since

‖LT/t‖2→2 ≤ (1 + Ct)T/t ≤ eCT . (58)
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